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Familiarity with basic topics in functional analysis is expected: Banach spaces,
Hilbert spaces, bounded linear operators, algebraic inverse vs topological inverse,
dual spaces, Hahn-Banach theorem and its consequences. Chapter 1, 2, 4.2, 6, 7.2 of
lecture note of Oxford course B4.1 Functional Analysis I will be enough. Please see
https://courses.maths.ox.ac.uk/pluginfile.php/105425/mod_resource/content/
22/B4.1LectureNotes.pdf.

We will basically follow the material from the last bit of Cambridge Part III
course Functional Analysis, for details see https://minterscompactness.wordpress.
com/wp-content/uploads/2018/09/functional-analysis-part-iii-notes.pdf|

1. INTRODUCTION

Let H be a Hilbert space and T' be a compact, self-adjoint operator on H. Then
we have a spectrum decomposition of 7. As T is compact, o(T') \ {0} = op(T)
is countable and 0 € op(T). Let op(T) = {1, A2, -} and Ej, be the associated
eigenspace of A\p. Then

o0
Tr = Z /\kPEk:c
k=1
where Pg, is the orthogonal projection on Ej, and the convergence is in the sense
of operator norm. Being slightly crazy, if Pg, can be thought as some “measure” on
some “sets”, i.e., Py, = m(Fy) for some F}, inside a single, say, compact Hausdorff
topological space, then we can write

T=> MPg, => \m(Fy)= /Zxlek dm.
k=1 k=1 k=1
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This is where Boerl Functional Calculus comes from. Indeed we can use this in-
tuition to define a more general version of spectral theories, which we will give an
introduction in this note.

2. BANACH AND C*-ALGEBRA

Let B(H) denotes the space of bounded linear operators on H. Then by Riesz
representation theorem, for each 7' € B(H) there exists a unique 7% € B(H) such
that (Tz,y) = (z, T*y). Now we have some simple properties of T and T*:

(1) (NT 4 pS)* = X\T* + iS*;

(2) (TS)" = 5T

( ) T** — .

(4) HT*TH — |7
We also survey some general properties for B(H): For T,S € B(H), we have
TS € B(H) and [|TS]| < |IT]||IS]]. Now we abstract everything out, get rid of
H and arrive at the definitions:

Definition 2.1. An algebra A over a field F is a vector space equipped with addition
+, vector multiplication X and scalar multiplication - such that

(1) Ya,b,c € A, we have a x (b x ¢) = (a xb) X ¢

(2) Ya,be A, A € F, we have A+ (a x b) = (A-a) xb=ax (\-b);

(3) Va,b,c € A, we havea X (b+c¢c)=axb+axec.

We also notice that there is an identity in B(H), so we should separate those
algebras with identity out.

Definition 2.2. An unital algebra is an algebra A with an element 1 # 0 in A
such that Va € A, we have 1 -a=a-1 = a.

We always want a norm to study infinite dimensional spaces.

Definition 2.3. An algebra norm on an algebra A is a vector space norm || - || :
A — R such that ||ab] < ||al|||b]| Ya,b € A. The pair (A, || -||) is called a normed
algebra. In particular this ensures vector multiplication is continuous.

An unital normed algebra is a normed algebra A which is also a unital algebra
and satisfies ||1]| = 1.

A Banach Algebra is a complete, normed algebra. We will abbreviate it as BA.

We finally arrive at the definition of a C*-algebra.

Definition 2.4. An involution is a map * : A — A, sending x — x*, such that:
(1) Az + py)* = Aa™ + py*;

(2) (zy)" =ya”
(3) z** ==.

forallx,y € A, X\, u e C.

Definition 2.5. A C*-algebra is a Banach algebra with an involution * such that
the C*-equation holds:
lo*z]| = [|«]|* vz e A

We have the abstract versions of different operators:

Definition 2.6. We say:
(1) z is self-adjoint (Hermitian) if o* = x;
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(2) z is unitary if A is unital, and x*x = za* = 1;
(3) x is normal if z*x = xa*.

Definition 2.7. A homomorphism 6 between two algebras A and B is a linear map
such that O(xy) = 0(x)0(y). If A, B are unital with units 14 and 1p respectively,
then 6 is a unital homomorphism if 6(14) = 1p as well.

Definition 2.8. A x-homomorphism between C*-algebras A, B is a homomor-
phism 6 : A — B such that 0(z*) = (0(x))*. A x-isomorphism is a bijective
x-homomorphism.

3. BoreL FuncTioNAL CALCULUS

Let K be a compact, Hausdorff topological space and Bx be the Borel sigma
algebra on K. we define our vector-valued measure on By .

Definition 3.1. A resolution of the identity of H over K is a map P : Bx — B(H)
such that:

(1) P(®) =0 and P(K) = Iy;
(2) P(FE) is an orthogonal projection E € By ;
(3) P(ENF)=P(E)P(F) for any E,F € Bg;
(4) If ENF =0, then P(EUF) = P(E) + P(F) (not necessarily countably
additive);
(5) Vx,y € H, the map Py, : Bx — C given by:
P y(E) := ((P(E))(x), y)
is a regular Borel measure on K.

When doing integration, we consider an analogous of L spaces:

Definition 3.2. A Borel function f : K — C is P-essentially bounded if there
exists a Borel set E with P(E) =0 such that f is bounded on K \ E. We define

L>®°(P):={f: f: K — C is Borel and P-essentially bounded}

equipped with norm
1 flloo := inf{||f||K\E = Slip |f|: E € Bg such that P(E) = 0} .
K\E

Let L°(P) be the subspace of simple functions in L™ (P).

We firstly consider the integral on simple functions: Let s be a simple function.
WLOG we can suppose (E;)i<i<m is a Borel partition of K and s = Y./ a;1g,
(why?). Define

K i=1

We have to check that it is well-defined. Let s = Y. | b;1p, be another represen-
tation of s, where (F};)1<;<n is another Borel partition of K. As they both agree
we have, by considering F; N F}, that either a; = b; or P(E; N F;) =0. Hence
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By using the identity

P(E;))=P(E;NK) nJFE | =) PENFR,
et ~
we have
> aiP(E) =Y a;P(E;NF;) =Y bP(E;NF;) =Y biP(F}).
i=1 i.j i.j j=1

We have some useful facts about such integral

Proposition 3.3. The map
®:LX(P)— B(H), LY (P)>s —>/ s dP
K

is an isometric x-homomorphism such that
(1) (1) =IH;
(2) (tb(s)(x = [ s dP,y;
(3) [1%(s) ||2 Jic 151 APy .

Proof. (1) is trivial. We check it is an isometric injective *-homeomorphism first.
Linearity could be check with some careful arguments like above. Now as P(E;)
are orthogonal projections we have P(FE;)* = P(E;) (why?), so

)= (Z az‘P(Ez‘)> = Z(Tip (Ei) = ®(3).

We also notice that if s = )" | a;1p, and t = >, b;1p, we have st = >i aibilE,nr,
and hence

B(s Zalb P(E; N F) Zazb P(E;)P(F;) = ®(s)®(t).

Thus indeed ® is a *-homeomorphism. Now snnply calculate

y> = Zai <P(Ez)‘xay> = Zaipm,y (Ez) :/ S deya
i=1 i=1 K

0 (2) holds. For (3) set y = ®(s)(x) we have

Py o(s)(@) (Bi) = <P(Ei)$»ZGiP(Ei)($)> =a; (P (E;) z, P(E;)z) = @i Py o (E;)

where we have used the fact that P(E;) are self-adjoint and P(E; N E;) = 0. Now
we check the isometry. By (3) we see that

12 (s)()||* = / |s* dPpo = Z\az )z, ) <Suplaz| ]|

Hence, [|®(s)|| < ||s|loo = sup, |a;|. Asi=1,2,---,m is finite, sup, |a;| is attended
by sum a; where Ej is non-null. Take z € Im(P(E;)) we have ||®(s)(x)| = |a;]|||=]|
50 [@(s)[| = [Isllco- O

As LS°(P) is dense in L*(p), by isomstry property we can extend ® to L>°(P):
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Proposition 3.4. (Borel Functional Calculus) There exists a unique map
®: L°(P) = B(H), L=(P)>f —>/ £ dp
K

is an isometric x-homomorphism such that
() o1 =1
(2) (B(1)(@).y) = [ ] APry:
(3) [[@(f)(= ||2 Jic [f1? dPe o
(4) S € B(H) commutes with every ®(f) if and only if S commutes with P(E)
for every E € Bg.

Proof. We only need to check uniqueness and (4). For (4), If S commutes with every
P(E) then by taking approximation by simple functions, we have S commutes with
every ®(f). The other direction is trivial. For uniqueness, let ¥ be another such
map, then

(@ /fdP,y ¥(f)(a)y)
for any x,y € H, By taking y = (I)( — U(f)(x) we are done. O

4. SPECTRAL THEORY

4.1. Spectrums. Now we would like to talk about invertibility of some elements
in a Banach algebra or C*-algebra A. In particular we can define the spectrum
of any element = € A be exactly the same as how we define it for bounded linear
operators.

Definition 4.1. For an unital algebra A and x € A we define the spectrum o(z)
as
o(z) ={A € C:x — X\ is not invertible}.
In here we are going to develop a very general notion of spectrum and prove
the corresponding spectral theories under these notions. In the following, unless
specifically noted, A denotes a unital Banach algebra.

Lemma 4.2. If |1 —al| < 1, then a is invertible and ||a™!|| < m

Proof. Let x =1 — a, then ) ;-, z* is the explicit inverse of a, which converges as
it converges absolutely. O

From this we can easily show that if G(A) denotes the invertible elements of A,
then G(A) is open.

Theorem 4.3. Let x € A, then o(x) is a non-empty, compact and is contained in
Bz (0) ={A € C: [A| < [|z[]}.

Proof. By Lemma we have x — A is invertible if A > ||z||, so the last part is
proven. If x — A is invertible, then for any p such that |u — A| < ||z = All, p — =
is invertible. So C\ o(z) is open and hence o(z) is closed and bounded, hence
compact.

The only non-trivial part is the non-emptiness. Suppose that o(z) is empty.
Then for any bounded linear functional f on A4, gy : A — f ((m - )\)*1) is a holo-
morphic function on C (why?). Since for A > 2||z||,

I Xz 1
N < = 2l < —
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we have gy is bounded, and hence constant by Louville’s theorem. This implies
that (z — \)~! is constant over all \, which is impossible. O

We also have the spectrum radius
Definition 4.4. The spectrum radius of x € A, r(x), is defined as
r(x) =sup{|A| : A € o(x)}.
We note a formula for spectrum radius that we do not prove here:

Theorem 4.5. (Gelfand’s formula)

nHl/n n”l/n

r(z) = nh_)rrgo |E = igf |E

for any x € A.

4.2. Gelfand Transform. We notice that it is possible to define the “dual” space
on a Banach algebra:

Definition 4.6. A character on an algebra A is a non-zero homomorphism A — C.
Let ® 4 denotes the set of all characters on A.

Proposition 4.7. Let p € ®4. Then ¢ is continuous and ||¢|| = 1.

Proof. Given x € A, suppose |¢(x)| > ||z||. Then we have ||z/p(z)| < 1, and so by
Lemma [£.2] we have 1 — z/p(z) € G(A). Let z € A be the inverse of 1 — z/¢().
Then apply ¢ to this expression, we have

L=p(1) = ¢(2) - p(1 —2/p(z)),
=0

contradiction. Hence |p(z)| < ||z||. Take 2 = 1 we have ||¢| = 1. O

Lemma 4.8. Let I be a proper ideal of A. Then I is a proper ideal of A.

Proof. As I is proper, ING(A) = 0. As G(A) is open, ING(A) = (). By continuity
of multiplication and addition, I is an ideal hence proper. O

Let M 4 be the collection of all maximal ideals of A.

Proposition 4.9. Let A be commutative, then its maximal ideals are exactly the
kernel of its characters.

Proof. For each ¢, ker(yp) is a maximal ideal. Since ¢ # 0, ker(y) has co-dimension
1. So it follows that ker(y) is maximal.
Assume that ker(yp) = ker(¢), for some ¢,1) € ®4. Then given z € A, we have:
x — p(x) € ker(p) = ker(¢)). Hence ¢(x — p(z)) = ¥(x) — ¢(x) = 0. Hence ¢ = ¢.
Let M be a maximal ideal, then A/M is a field and it is isomorphic to C (topo-
logically, check why) and the quotient map A — A/M defines a character. O

Theorem 4.10. Let A be commutative and let x € A. Then:

(1) z € G(A) & x ¢ ker(p) for any character o;
(2) o(x) ={p(z): ¢ € Pa};
(3) r(x) =sup{lo(z)] : ¢ € Pa}.
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Proof. (1) follows from proposition

For (2), let A € o(x) and then by (1) there exists character ¢ such that A —z €
ker(p), so A = @(z). If A = p(z) for some ¢ € &4 then A — z € ker(yp) so it is not
invertible by (1).

(3) follows immediately from (2). O

Exercise 4.11. Prove the following formulas: Suppose A is not necessarily com-
mutative but x,y commutes, then we have

ri@+y) <r(@)+r(y) and rley) <re)r(y).

Equip ® 4 with the topology that, ®4 > f,, — f if and ouly if f,,(z) — f(z) for
any x € A. This is called the weak * topology (w*) of ® 4, which makes (® 4, w*) into
a compact, Hausdorff space (Banach-Alaoglu Theorem). Then we see as spectrum
can be represented by characters, we have the natural identification:

Definition 4.12. (®4,w*) is called the spectrum of A. The map & : &4 — C
defined by &(¢) = p(x) is called the Gelfand transform of . The map x — & is
called the Gelfand map.

By Theorem we see that the image of Z is o(x), and Z is a continuous map
on ®4. We note that C(®4) can be identified as a Banach algebra equipped with
the supremum norm || f||o = sup,cq, |f(2)]

Theorem 4.13. (Gelfand Representation Theorem) The Gelfand map is a contin-
uous unital homomorphism, and:
(1) &l = r(@);
(2) o(2) = o(x);
3) 2e G(C(Pa)) exeG(A).
Proof. To check homomorphism is easy, and (1) follows immediately from Theorem
4.10| (3), and boundness follows.
For (2), we note that the spectrum of a continuous function on a compact set is
just the image of it (why?), so o(2) = Im(%) = o(x).
For (3), £ € G(C (®4)) if and only if 0 ¢ o(z), if and only if 0 ¢ o(z), if and
only if x is invertible. O
For the case of a C'*-algebra, their characters behave better:

Theorem 4.14. (Commutative Gelfand-Naimark Theorem). Let A be a com-
mutative, unital C*-algebra. Then, the Gelfand map x — &, is an isometric *-
isomorphism between A and C(®4). This means all C*-algebras are C(K) for
some compact, Hausdorff space K.

Proof. We proof an intuitive lemma first

Lemma 4.15. Let A be an unital C*-algebra. Then characters on A are *-
homomorphisms.

Proof. We check ¢(z*) = ¢(x). Suppose z is self-adjoint, and ¢(z) = o + i with
a, 8 € R. Then for t € R, let z; = x + it. Then:

o (z)° = la+i(B+1)* =a®+ (B+1)%
But we also have

2 2 . .
o (z)I” < llzell” = llzr zell = (= — it)(@ + it)l| = [|2* + || < [|l=]* + ¢
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So hence we see
a+28t+ B < |z

and this is true for all ¢. Hence we must have S = 0 and that ¢(z) € R.
Now assume z is arbitrary. Then we can write * = h + ik, where h,k are
self-adjoint (why?). Then 2* = h — ik and

¢ (%) = p(h) —ip(k) = (p(h) +ip(k)) = ¢(z)
where we used ¢(h), ¢(k) € R by the self-adjoint case above. O

We check that the Gelfand map is a isometric surjective x-homomorphism. No-
tice that 2*(p) = p(z*) = p(x) = #(v)*, so indeed it is a *-homomorphism.

For isometric we see immediately as ||Z]lcc = 7(z) = ||z||. The last equality
follows, as A is commutative and hence z is always normal, and for normal element
we have ||z|| = r(z) by using Gelfand formula.

For surjective, we see that the image of Gelfand map is a closed unital *-
subalgebra that seperate points. Hence by Stone-Weiestrass theorem (A unital
x-subalgebra of C(K) that separates point is dense in C(K), for any compact
Hausdorff space K) we see that it is C'(®4). O

Corollary 4.16. Let A be a unital C*-algebra. Let x € A and p € $ 4.
x self-adjoint = ¢(z) € R
x unitary = p(x) € S
We can now define the spectrum properties of self-adjoint and unitary elements.
In the following, if z € A and z € B C A be a subalgebra of A, then we define
op(z) to be the spectrum of x only consider B.
Proposition 4.17. Let A be a unital C*-algebra, and let x € A. Then we have:

(1) x Self-adjoint = oa(x) C R;

(2) = unitary = oa(z) C St

(3) If B is a unital C*-subalgebra of A and x € B is normal, then o4(z) =
op(x).

Proof. Assume that x € A is normal. Then let:

A(z) :={p (z,z*) : p is a polynomial over C in 2-variables }

where we take norm closure in A. This is called the C*-subalgebra generated by
x, in particular A(z) is a commutative, unital, C*-subalgebra of A. Then we
have by Theorem oa@) (@) = {p(x): p € Pawy}. As A(z) € A we have
oa(x) C 04z (). By Corollary We have that

R if x is self-adjoint

{o(x):pePaw} C {

81 if x is unitary.

Hence (1) and (2) is proven.
For (3), we firstly assume that x is self-adjoint. Then as o(xz) C R, we have
o(x) = do(x). We also have () C da(z) (why?) so

op(z) = 0op(x) C 0oa(x) Coalx) C op(x).
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Hence we have 0 4(x) = op(z). Now suppose x is normal, we have for any y € A,
y € G(A) if and only if y* € G(A). As a result

A—z€GA) & X—z,A—2" € G(A)

sn:i=A-2")(A—1z) € G(A)
< ne G(B) (asn is self-adjoint)
S A—z,\—1* € G(B)

< A—z € G(B)

where we have used the fact that, two commutative elements z,y is invertible if
and only if xy is invertible (why?). d

We also have the square root of a positive element of A:

Definition 4.18. x € A is positive if x is self-adjoint with non-negative spectrums.
In this case we write x > 0.

Proposition 4.19. Let A be an unital C*-algebra (not necessarily commutative).
If = is positive, then there exists a unique positive y € A such that y?> = x, which is
called the positive square root of . We write y = x'/2.

Proof. For existence, let B be any commutative, unital C*-subalgebra of A such
that © € B. By the Commutative Gelfand-Naimark Theorem, there exists a com-
pact Hausdorff space K and 6 : C(K) — B which is an isometric x-isomorphism.
Let f = 6=1(z), which is a function on K. Then since x is self-adjoint so is f, and
we have

f(K) =ocw)(f) =op(z) =0a(z) C[0,00),
hence f has an unique positive square root v/f := g. Let y = 6 (g). Then since g is
R-valued, it is self-adjoint and so is y. Moreover again we have:

oaly) = ocx) (9) = V F(K) C[0,00).

So y is positive. Also, y2 =60 (92) = 0(f) = x, we have existence.

For the uniqueness, if z € B, z > 0 such that 22 = 2, let h = §71(z). Then
h > 0 and h? = f = g%. So by uniqueness of positive square root in R, h = g.
Hence y = 2, and the uniqueness in B is obtained.

Consider the general case in A. If 3,z € A are positive and 3% = 2
yr =y = zy and zz = 2% = 22. Set

2 =z, then

By ={p(x,x*,y,y*) : pis a polynomial in 4 variables},

and

By = {p(z,x*,2,2*) : p is a polynomial in 4 variables},
which is the C*-subalgebra of A generated by z,y and the C*-subalgebra of A
generated by x, z, respectively. By and By are both unital and commutative.
Let B = By N Bs, which is a commutative, unital C'*-subalgebra that contains
x. Hence there exists an unique square root k of x in B. By uniqueness in By and
By we get y = k = z. So we have uniqueness in A. O

Theorem 4.20. (Polar Decomposition of Invertible Operators) Let T € B(H) be
invertible. Then there exist an unique unitary operator U and an unique positive
operator R such that T = RU.
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Proof. Notice that TT* is always positive and we define R = VTT*. As T is
invertible, R? = TT* is invertible so R is invertible. Set U = R™'T, then we have

U'U=TR'R'T=T*(T""'T'T" =1L
So existence follows. For uniqueness, let T = RU, then TT* = R? so by uniqueness
of square root, R is unique and hence U. [l

4.3. Holomorphic Functional Calculus. Let p(z) be a polynomial on C. It is
known when A = B(X) for some Banach space X, we have the spectrum mapping
theorem:

Theorem 4.21. (Spectrum Mapping Theorem) For every T € B(X) we have
a(p(T)) = p(a(T)). More generally, for any unital Banach algebra A and x € A,

we have o(p(x)) = p(o(z)).
Proof. See Oxford Functional Analysis II note at https://courses.maths.ox.ac.
uk/course/view.php?id=5548, Theorem 5.7. (I

This theorem seems intuitive in every sense and we can seek its generalization.
For example, we already know that
0k
exp(T) := %
k=0
converges for every T' € B(X). Is it necessarily true that, exp(c(T)) = o(exp(T))?
Can we define f(T') for other, say, holomorphic functions f? Is it necessarily true
that, f(o(T)) = o(f(T)) then?
Let U be an open subset, we notice from Cauchy Integral formula, for any f

holomorphic on U, we have
1
16 = 5 [ 2 aw
2mi J,w—z

where v lies in U and z lies in the inside of . It is intuitive that, if we change
z into T' we can define f(7T') via such “operator-valued” Cauchy integral formulas.
But we need some formal setup here.

Proposition 4.22. Let X be a Banach space and f : [a,b] — X be a continuous
function. Take any sequence of partition 7" = {t?" a =t§ <t} <--- < tN(an) =
b} with vanishing mesh. Then the limit of Riemann sum

N(m™)

b
S s )= [ fw dex
k=1 a

is independent of (m™)n>1. We call it the integral of f on [a,b].
It is routine to check this proposition.

Lemma 4.23. For any ¢ € X*, we have

b b
¢>< / £(t) dt) - / (60 £)(8) dt.

Exercise 4.24. Prove that
b b
[ o ad < s a
a a
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We need to give the notion of holomorphic function taking values inside Banach
spaces.

Definition 4.25. Let U C C be a domain, X be a normed space, and f: U — X
be a function. f is said to be holomorphic if the limit

i L) = 1)

w—z w—z
exists in X for any z € U.

We immediately have

Lemma 4.26. Let f be holomorphic on U, then for any ¢ € X*, ¢po f:U — C is
a holomorphic function in usual sense.

Proof. By continuity of ¢ we have
i @D =D _ (K =1E)) _ (y, L0)=110)

w—z w—z w—z w— z

w—z w—z

exists in C. O

Lemma 4.27. Let f be a bounded holomorphic function on C (i.e. an entire
function). Then f is constant

Proof. For any ¢ € X* we must have ¢ o f is bounded entire and hence constant.
Take any z € C, we have ¢(f(z)) = ¢(f(0)) for any ¢ € X*. By a consequence of
Hahn-Banach theorem we see that f(z) = f(0). O

Definition 4.28. Let v : [a,b] — C be a path (i.e. continuously differentiable
map). For any continuous function f : Im(y) — C, we define

b
[ 1@ azi= [ saene a
vy a
We have similar properties as in complex integrations, in particular the Cauchy

theorem holds.

Theorem 4.29. (Cauchy Theorem) Let U be a domain of C and «y be a closed path
in U such that the inside of v all lies in U. Then

L F(2) dz = 0.

Proof. For any ¢ € X* we have

" < A 1) dz) - L 6(f(2)) dz =0

by the usual Cauchy theorem. By Hahn-Banach fv f(z)dz=0. O

For any rational function r = p/q for polynomials p and ¢ and = € A we de-
fine r(x) = p(x)(g(x))~! whenever q(x) is invertible. We now apply the Cauchy’s
integral formula:
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Proposition 4.30. Let A be a commutative, unital Banach algebra, U C C be a
domain and x € A. Let O(U) be the space of holomorphic functions on U. Suppose
K =o(x) CU. Lety be a closed path in U\K such that:

(N, w) = 0 ifwelU
TN fwek

where I is the winding number. Define ©, : O(U) — A by

PR
.2m/f (z—x)7" da.

Then:

(1) O, is well-defined, linear and continuous, where O(U) is equipped with the
supremum norm | f||, = sup,e., [f(2);

(2) O,(r) =r(z) for a rational function r without poles in U;

(3) For any ¢ € ®4, we have p(O.(f)) = f(p(x)), and

0 (0:(f)) = f(o(@)) ={f(N) : A€ o(z)}.

Proof. (1) As z — x is invertible for any z € 7y, 2 — (z — ) ™! is continuous, we see
O, is well-defined. Linearity follows easily. As z — ||(z — 2)7!| is also continuous
we see that it is bounded (say by C,) on v, and hence

10071 < S21fllE),

continuity follows.
For (2), we check that ©,(1y) =1 = 1y(z) first:

1 1
0.(1y) = %/ lLep(z —2) tde = 2—/(2 —z)7! dz.
¥ v

™

By Cauchy theorem and decomposing contour, the integral on ~ agrees with the
integral on |z| = R for some R > ||z||, so we have

1
0,(1y) = — o) ldr= — d
+(1v) 27Tz'/|_R(Z SRR =r Rkoszrl ?
20—
2m / Zk+1 dz = Z m%kx =1.
k=0 lzI=R .

Then for rational functions r € &(U), we can write r(z) = p(z)/q(z), where p, q are
polynomials with ¢ having no zeros in U. Hence we have: 0 ¢ {¢(A\) : A € o(2)} =
q(o(x)) = o(q(z)) by the classical spectrum mapping theorem.
As 0 ¢ o(q(x)), q(z) is invertible for all x € A, we can define r(z) = p(x)q(z)~!.
We only need to check r(x) = O,4(r). Notice that:

r(z) = r(x) = (p(2)a(x) — q(2)p(@)e(x) " q(@) ™" = (2 — @) s(z,2)q(2) 'q(x) "

analytic in z on U
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The factorization holds as p(z)g(xz) — q(z)p(x) = 0 for x = z. Hence

O, (r) = % /(T(z) — (@) + r(2)(z — )"t dz
- % 7s(,z,a:)fz(z)flq(ac)fl dz + r(z) x % /7('2 ) d

=r(x).

The first integral is 0 by Cauchy theorem and the second one is 1 as ©,(1y) = 1.
For (3) we firstly notice that for any ¢ € ® 4 we have p((z—z)~1) = (z—p(z)) 1.
By the usual Cauchy integral formula we have

0 (0:(1)) = = [ 1)z pl)) ! dz = (o))
Hence we have

0 (02(f)) ={v(0x(f)) : p € Pa} ={f(p(x)) : ¢ € Pa}
={f(N):Aca(@)} = flo(x)).

Now we can state the holomorphic functional calculus:

Theorem 4.31. (Holomorphic Functional Calculus) Let A be a commutative, uni-
tal Banach algebra. Let x € A and let U C C be a domain with oa(z) C U.
There exists an unique unital, continuous homomorphism ©, : O(U) — A such

that ©,(1dy) = z. Moreover, ¢ (0,(f)) = f(p(z)) for all o € &4 and f € O(U),

and we have:
0 (0:(f) ={f(N): A€ a(z)} = [ (o(2)).
Proof. We take the following lemma as granted:

Lemma 4.32. (Runge’s Approzimation Theorem). Let K C C with K # 0 be
compact. Then for any f analytic on some open neighbourhood of K, and € >
0, there exists a rational function r without poles in K such that ||f — r|x =
sup.ex | f(2) —r(2)] <e.

Consider all setups in Proposition We just check ©, is a homomorphism:
0.(fg) = fg(x) = f(z)g(x) = ©,(f)O.(g) for any rational functions f, g without
pole in U. For general f,g we approximate f and g by rational functions and by
continuity of ©, we are done.

‘We now check the uniqueness. Suppose there is another ®, satisfies all properties
of ©,. Then ®,(p) = p(z) for all polynomials p, since if p(z) = Y j_, arz" we have

D, (p) = Zakéz(zk) = Z ap(®,(2)k = Z apz® = p(x).
k=0 k=0 k=0
If p has no roots in U, then 0 ¢ o(p(z)) = {p(\) : A € K}, and so

p(ﬁz(l/p) = (I)m(p)q)m(l/p) = (I)z(p : (1/p)) - (I)m(]-) =1,
thus @,(1/p) = p(x)~t. Therefore, we have ®,(r) = r(z) for any rational
function r without pole in U. Hence by continuity and Runge’s approximation
theorem, we have that ®, = ©,. Other properties hold by approximate using
Runge’s approximation theorem. ([l
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4.4. Spectral Theorems. Now we are about to prove some spectral theorems.
Firstly we consider the C'*-algebra case:

Theorem 4.33. (Spectral Theorem for Commutative, Unital C*-algebra). Let A
be a commutative, unital, C*-subalgebra of B(H). Let K = ® 4, equipped with the
weak™ topology. Then, there exists a unique resolution of the identity P of H over
K, such that

/ T AP =T for any T € A

K

where T' is the Gelfand transform of T. More over, we have S € B(H) commutes
with every T € A if and only if S commutes with every P(E) for E € Bg.

Proof. We take the following theorem as granted:

Lemma 4.34. (Riesz representation theorem RRT) Let K be a compact, Hausdorff
space. Then the dual space of C(K) is the space of complex Borel measure over K,
equipped with the total variation norm

||l = sup {Z |u(Ap)|: K = U Ay and Ay, Ay, -+, A, are measurable } .
k=1 k=1

%(f%/deu>€X*.

By Theorem we see that 7' — T is a isometric x-isomorphism. In particular
consider the map mg y : C(®Pa) 2T — (Tx,y) for fixed z,y € H. Clearly my , is
in dual of C(®4) and hence we have

Mgy (T) = /K T dus,

for some complex Borel measure pi;,, by RRT. By considering the self-adjoint
element of A and then decompose everything in A into h+ik for self-adjoint element
h and k, we can deduce that p,, = fiy,z, compare the proof of the first lemma in
the proof of Theorem Also, we have by linearity,

/ T dpirgsy.: = Tz +y),2) = MTx, 2) + (Ty, 2) = /\/ T dpig, - +/ T dpy,
K K K

The identification map is

So we have fixgty = Mgz + fly... Similarly we have pig gtz = Moy + Ha s
Hence, by Riesz representation theorem for Hilbert space, we have that there exists
amap ¥ : L>®(K) — B(H) such that for any f € L>®(K),

(/fdmy (W (F)(), y).

Notice that ® is bounded with || ®(f)|| < || f]lco- Notice that

(@, 9(F) ) = (¥()y),z) = /Kf dpy,e = /Kf dptey = ((f)(2), y)

so we have U(f)* = U(f). Also we have

@@mw=AT%¢ﬂhm



SPECTRAL THEORY 15
for T € A and hence W(T) = T. For S,T € A, we have

/ ST dpiy —/ STduxy = (S(Tx), / S dpiza.y

and by the uniqueness in the RRT, we have T dptz,y = dpip(z),,- For f e L®(K),
[ 17 Qe = [ 1 dur, = T @).0) = (T, 00 W)
K K
(1@, ¥DW) = [ T daipi
K

So by the uniqueness of the RRT again, we have f dpa,y = dpy w(p)(y)- Thus, for
fyg € L™(K), we have:

(P ( / fg dpay = / 9 A w(Fy(y)

(9)(2), ¥(f)(y) = (T()¥(9)(x),y)-

Hence we have ¥(fg) = (f) o ‘Il(g)

Above all, ¥ is a continuous, unital, *-homomorphism. Set P(E) = ¥(1g) for
any F € Bg. It is easy to check that P is a resolution of the identity of H over K.
We finally check that, for T' € A, we have:

/ T dP,, = / T dptey = (T, y).
K K

By (2) of Proposition [3.4] we see that

/ TAP=T
K
So we have the existence.

For the uniqueness, suppose fKT dQ = T. Then fKT dQy = (Tz,y), and
then (), = Py, by uniqueness of RRT. As (Q(E)x,y) = Quy(E) = Py y(E) the
uniqueness follows.

For the last part we have we have

(ST)z,y) = (T(x), §7y) = /K T AP, s,

(TS)z,y) =

(
((SoP(E))x,y) = (P(E)x,5"(y)) = Po,s-y(E)
So we have ST =TS for all T' € A if and only if P, g«y = Psy, for all z,y € H,
if and only if Psy y(E) = Py g+y(E) for any E € B, if and only if S o P(E) =
P(E)oS. O

T dPs,,
K

We also have the one for normal operators.

Theorem 4.35. (Spectral Theorem for Normal Operators). Let T € B(H) be
normal. Then, there exists an unique resolution of the identity P of H over K :=

o(T) such that
T = / A dP.
o(T)
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Moreover, for S € B(H), ST =TS for any T € B(H) if and only if S o P(E) =
P(E)o S for any E € Bg.

Proof. Consider A(T) := A be the C*-subalgebra generated by T. As T is normal
we have, by Proposition [£.17] (3), that o(T) = o4(T). Then for ¢ € ®, we have

o (p (T, 7)) = p (p(T), ¢ (T7)) = p(e(T), ¢(T))

So ¢ is uniquely determined by ¢(7T') on A. Hence the Gelfand transform 7' : &4 —
o4(T) is injective. By Theorem the map is surjective and continuous, and
hence a homeomorphism (A continuous bijection between compact Hausdorff spaces
is a homeomorphism). Hence we may apply Theorem [£.33|with K = 04 (T) = o(T)
to get the existence.

For uniqueness, assume that we have T = fg e A d@, then for any polynomial

P,
p(T,T%) = /K P\ N)AQ

and hence [, p(\,\)dQ,, is uniquely determined by Proposition Now by
Stone Weiestrass we approximate everything by p and arrive at the uniqueness of
Jre F(NAQyy for any f € C(K). As a result, Qy,y = P, so uniqueness follows.
The moreover part is clear. [

We can now define a very useful version of Borel functional calculus.

Proposition 4.36. (Borel Functional Calculus for Normal Operators) Let T €
B(H) be a normal operator on H, and let K = o(T) be the spectrum of T, and let
P be as in Theorem[{.35, Define:

L¥(K) — B(H) by fo(T)E/deP

Then this map has the following properties:
(1) It is a unital, *~homomorphism, and id(T) = T, where id is the identity
map on C (i.e. fK id dP = id is the identity on H );
@) [IF M) <|[fllx for all f € L>(K), with equality if f € C(K);
(3) For S € B(H), we have ST =TS if and only if So f(T) = f(T)o S for all
feL>K);
(4) o(f(T)) € f(K).
We have essentially already proven this proposition. We now look at a few
consequences:

Theorem 4.37. (Polar Decomposition of Normal Operator) Suppose T € B(H) is

normal. Then there exists a unitary operator U and a positive operator R such that
T =RU.

Proof. Let K = o(T) and set

o [AIL e k(o)
wN) =9, ifA=0¢€K.

Let (A) = [A]. Then let U = «(T") and R = v(T'). Then as ru = idg, we see that
RU =T. O
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Theorem 4.38. (Representation of Unitary Operators) Let U € B(H) be a unitary
operator. Then, there exists a Hermitian operator Q such that U = €'?.

Proof. Note that since U is unitary, we have K := o(U) C S!. By taking a suitable
choice of logarithm, there exists f : S' — R measurable and bounded such that
e =t for any t € S'. Let Q = f(U). Since Zg:o (”cflﬂ — t uniformly on S*
we have

N . N .
6@ e i SUDT g ZL(UW =U
T NS = n! N—oo - n!

Thus U = €@, O
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