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Abstract

Bevel gear processing has diversified based on constant technical developments in forging, CNC cutting and hob design. Standardiza-
tion of bevel gears is in higher demand than ever for different bevel gear systems that have different shapes and forms according to proc-
essing methods. With advantages such as excellent compatibility and the ability to absorb assembly errors well, the involute gear is re-
ferred to as the spherical involute tooth profile in bevel gear systems. This paper explains the geometrical characteristics and kinematic
behavior of spherical involute gears. A spherical involute function is derived to effectively represent tooth profiles, and a common basic
rack is developed using the equation of meshing to generate spherical involute gears. This study also analyzes the general characteristics
of spherical involute gears and discusses the issue of bevel-gear standardization.

Keywords: Spherical involute gears; Standardization of bevel gears; Tooth profiles; Compatibility

1. Introduction

A bevel gear is a gear element that efficiently transfers
power and motion at an intersection of multiple axes. Some
bevel gears have tooth profiles with benefits similar to those
found in involute-type gears most frequently used in parallel-
axis gear systems. However, processing methods for such
tooth profiles are not commercially available and researchers
have conducted few studies on the issue. Since commercial
bevel gears have different tooth profiles depending on the
processing machine, it would not be an overstatement to say
that a standardized tooth profile does not exist. Therefore, a
number of restrictions exist in the use of bevel gears. Forging
and CNC-processing technologies have recently shown pro-
gress and are now often used in bevel gear processing. Even
though forged gears are inferior to cut gears in terms of preci-
sion, the gap is gradually narrowing. While CNC processing
yields the most precise output, it is rarely used in mass manu-
facturing—due to high processing costs—and only partially
used in finishing-process stages. However, both processing
techniques require standardized gear-tooth profiles. Accord-
ingly, the field needs to establish a basis for standardizing
bevel gears by promoting studies on spherical involute gears
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and their numerous advantages.

Although spherical involute gears have superior bevel gar-
tooth profiles, researchers have scarcely studied their geomet-
rical characteristics and kinematic behavior. The spherical
involute gear configuration proposed by Tsai and Chin [1]
offered an approximate involute tooth profile. Mark [2]
mathematically derived the transmission error of the spiral
bevel gear, and his paper introduced the kinematic relationship
of a complete involute bevel gear pair. He assumed that two
base cones perform a rolling contact motion with the disk of
action as the common contact surface. In 1994, Al-Daccak, et
al. [3] benchmarked a complete spherical involute tooth pro-
file in a solid modeling attempt of a non-standardized bevel
gear and numerically examined its geometrical characteristics.

This paper will present the advantages of spherical and cy-
lindrical involute gears and establish fundamental theories on
standardized bevel gear design by explaining its unique geo-
metrical characteristics. To do so, a spherical involute function
is introduced to define the spherical involute bevel gear con-
figuration. The spherical involute function takes a generalized
form of the involute function of cylindrical involute gears and
can be easily used in calculating bevel gear-tooth thickness.
Using the equation of meshing [4], a common basic rack that
generates a known spherical involute gear is mathematically
derived. Cylindrical involute gears are already standardized
and widely used throughout the industry. Standardization of
bevel gears must be attempted to expand the usage of bevel
gear systems. This paper proposes a standard bevel gear that
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base circle

conjact normal

Fig. 1. Spherical involute curve.

corresponds to a standard spur gear. A tooth profile of a crown
rack for generating the standard bevel gear is proposed, and
the tooth-profile curve is calculated using the equation of
meshing. Also, the tooth-profile curve characteristics of the
proposed standard bevel gear's fillet part are examined, and
the limit of teeth number for preventing undercutting is calcu-
lated.

2. Spherical involute function

The involute function is a means of mathematically defining
the tooth-profile curve of a spur gear. Whereas a tooth-profile
curve generally involves complex mathematical procedures,
the involute function facilitates its manipulation. Since it is a
widely known fact that the bevel gear system is a generalized
configuration of the parallel-axis gear system, it is believed
that the geometrical procedures of the tooth-profile curve in a
complex bevel gear system can be simplified by deriving the
spherical involute function, which is a generalized form of the
cylindrical involute function.

Unless specified otherwise, bevel gear configuration will be
expressed on a transverse sphere in this paper. A transverse
sphere refers to a reference sphere with a radius of &, and
two axes intersect at the center of the sphere. When it con-
verges to a cylindrical gear, it becomes a transverse plane
perpendicular to the gear axis. Fig. 1 displays the spherical
involute tooth profile.

The edge of the base cone is referred to as the base circle,
the center of which is represented by point C on the transvers
sphere. The trajectory of point A at the tip of arc 4B is the
spherical involute curve DA . The tooth-profile angle ¢ at
an arbitrary point A on the curve is defined by the angle be-
tween the tangent line of the curve and arc AC . Curve DA
and arc 4B are always perpendicular. Therefore, BC and
4B are perpendicular, and the spherical triangle A4BC is a
right triangle. The relationships between the angles and the
sides of a spherical triangle are different from those of a plane
triangle (Refer to Appendix 1). In Fig. 1, the relationships
among ¥,¥p,%.¢ and [ are as follows:

COSY = COS ¥ COS ¥ )

pitch circle

L)

Yoy

base circle |

contact normal

o

o _

sing = 20X 2)
tan y
cos f = tanyy 3)
tany

where y,yp,x are angle-parameters representing ZCOA,
ZCOB,ZBOA , respectively and azmith angle £ is the angle
between arc BC and AC . Eliminating the angle X from
Egs. (1) and (2), we obtain

sinyp = cos¢@siny. 4

__The spherical involute function refers to angle ¥ between
AC and CD in Fig. 1. Since the lengths of BD and 4B
are identical,

X =(B+y)siny,. ®)
Expressing it in terms of y gives

— X _
sin b

©)

In Eq. (6), the spherical involute function can be written as a
function of ¢ and base-cone angle y,,.

o 2. 2
sin yp, sin @ )= cos~( cos” ¢ —sin J/b) %)

cos ¢ —sinZ 7 COS¥p

y=—tn (
J

Since y,->0 if &->o, Eq.(7) convergesto y=tang—¢ .
From this, it can be confirmed that the spherical involute
tooth profile is a generalized configuration of the cylindri-
cal involute tooth profile. iy can be expressed with cone
angle y instead of¢ . Applying Eq. (3) and rearranging,
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we obtain

_ .1 Cos_l[cosy] o _1[tan7/b] @)
sinyy cos ¥y, tany
Fig. 2 depicts the basic parameters of a spherical involute
gear.

The gear's pitch circle is used as a reference for defining its
tooth profile. A pitch point P is the intersection of a pitch cir-
cle and the center line of axis, and the common normal of the
tooth-contact point passes through the pitch point. When the
tooth-profile curve passes through a pitch point, the tooth-
profile curve angle at the point is referred to as the gear pres-
sure angle a, . In a standard gear, the gear pressure angle and
the rack (or tool) pressure angle «a is identical. The relation-
ship amonga, ¥, and the pitch cone angle y,(£ZCOP) in
Fig. 2 is obtained from Eq. (4).

siny;, =cosasiny, ©)]

The relationship between the tooth thickness on the pitch
circle, space width and backlash B is

, P8 (10)

where p is the standard pitch of gear. Accordingly, tooth
thickness t at an arbitrary point A on the tooth-profile curve is

t
t=R(-Z+2p, - 20) (1)
RP

where R=4siny and Rp =Asiny,. y is obtained from

Eq. (7) or (8), and y, is obtained by substituting ¢=a
into Eq. (7)or y =y, into Eq. (8).

}_Cosl[qcoszasinz b J (12)

cosyp

1 an~! smybsma
SmYb \/cos a - sin? b

Since the base circle's tooth thickness ¢, is the tooth thick-
ness when y =y, in Eq. (11), at which point =0, ¢,
becomes

tp
tb =Rb R—+21//p (13)
p

where R; = Asiny;, . A module m determines the tooth size.
The bevel gear's module is defined in the same way as that of
a spur gear. If the pitch circle diameter and the number of
teeth are givento Dp and Z,

m=—= (14)

| axis
1
|
1

base circle S T

Fig. 4. The spherical involute tooth-profile and the coordinate systems.

Spherical involute tooth profiles for different base-cone an-
gles in a single module are depicted in Fig. 3, which displays
tooth-profile curves with addendum angle y, at m/&=0.1,
m=3.0, ¢=20°, Z=20,and y, =10°~70°.

The tooth-tip circle radius R, becomes &sin(y, +7,) ,
which is reduced as y, increases. When y, reaches its
maximum of 70°, R, is smaller than the pitch-circle ra-
diusRp . 1, increases in proportion to ;. Since a bevel
gear has a thick ¢, it can be learned that it has greater
strength than a spur gear.

The spherical involute tooth-profile curve can be expressed
on the gear fixed coordinate system C,.InC,, z, is the
gear rotational axis and y, axis is directed toward the inter-
section P, of the tooth-profile curve and the tooth-pitch cir-
cle, as shown in Fig. 4.

Therefore,
0A=&n, (15)
E = sin}/sinni;+sinycosng+c0syg (16)

n=y-y, (17)
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where 7,y are the angles of (/?;4 , E‘E , respectively.
Gear's rigid body motion can be defined by the relationship
between the space-fixed gear reference coordinate system
C go and C,. C, is constructed by rotationally displacing
Cgo in the positive direction by the gear’s angular motion
0, with zg0 as the reference axis.

3. Common crown rack

When the rack and its conjugate rack have an identical con-
figuration, it is referred to as a common rack, which has two
advantages. The first is that separate racks are not necessary
for generating the two gears. Both gears can be cut with a
single rack, reducing manufacturing costs. A greater advan-

tage is that every gear cut with the common rack is compatible.

For bevel gears available in the commercial market, two gears
manufactured with different processing machines cannot be
assembled. However, if a design methodology is established
based on a common basic rack for bevel gear systems and
corresponding manufacturing techniques are developed and
distributed as in spur and helical gear systems, a single hob
becomes sufficient, and every bevel gear generated with the
hob becomes compatible. Undoubtedly, this will open paths
for bevel gear standardization and play a significant role in
making spherical involute gears as widely available as spur
and helical involute gears.

A crown rack will be derived in this paper from the spheri-
cal involute tooth profile with a complete mathematical defini-
tion using the gear mesh equation. Examining the geometrical
relationship between the involute gear and its common basic
rack in a cylindrical gear system, we learn that the two are
tooth profiles of the same type. The common rack is called as
a linear rack in which the teeth have straight sides. If we as-
sume a cylindrical involute gear with an infinite diameter
while maintaining its module, its gear-tooth profile will con-
verge into a linear rack. Therefore, we can conclude that a
linear rack is one of asymptotic geometries of a cylindrical
involute gear. If so, a crown rack is likely to be an asymptotic
geometry of a spherical involute gear with a pitch-cone angle
of 7/2.

The concept of base circle is very useful, not only in gear
design, but also for understanding kinematic behavior [5]. In
cylindrical involute system, a base circle and a line of action
come in contact at a single point, where they engage in uni-
form velocity motion and pure rolling contact. However, the
base circle concept is mainly used to explain gear-pair motion
and not the motion between gear and linear rack. This is be-
cause the base circle is not geometrically apparent in a linear
rack. Nonetheless, since every geometry of a crown rack can
be represented on a transverse sphere, it is evident that pitch
and base circles exist on the transverse sphere. Also without
doubt, assessing the base circle clearly is very important to-
ward better understanding the kinematic behavior of bevel
gears and the crown rack. Accordingly, the process of identi-
fying the location of the base circle of crown rack will be ex-

gear
D

- itf} circle

Fig. 6. Basic rack meshing gear.

plained subsequently. The spatial position of the circle of ac-
tion will be first obtained using the gear mesh equation. Next,
from the condition that the circle of action and the rack's base
circle engage in rolling-contact motions around their respec-
tive fixed rotational axis, the position and configuration of the
rack's base circle will be obtained. And also it will be mathe-
matically verified that a crown rack is an asymptotic geometry
of a spherical involute gear. Finally, the rack's tooth profile
will be obtained from the definition of the spherical involute
tooth curve based on the rack’s base circle.

3.1 Circle of action

Mark [3] explained that the trajectory of teeth contact point
is a circle in a spherical involute gear system. In this paper the
fact will be explained according to the equation of meshing [4].
Fig. 5 displays the kinematic relationship between a rack and
gear that rotate around axes z, and z, , respectively, and two
pitch circles in rolling-contact motions at pitch point P.

The rack's pitch circle is the edge of the pitch cone with a
pitch-cone angle of90°. Therefore, the angle between rota-
tional axes z, and z, becomes 7/2+y, . From the con-
dition that velocities on rack and gear pitch circles are equal,
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the relationship between rotational velocities Q, and Q,
becomes
Q,=Q,siny,. (18)

In Fig. 6, if we assume that the spherical involute gear and
crown rack come in contact at point 4’, arc A'B' is a
common normal of the gear and the rack, as shown in Fig. 1.

Moreover, for the gear and the rack to engage in proper mo-
tion, the following gear mesh equation must be satisfied.

N's(Vy'=V,)=0 (19)

where N' is the tangent vector of tooth contact normal

A'B' at contact point A’, and V and V, are the veloci-

ties of gear and rack, respectlvely, at the same point. Therefore,

V,'=Q, 04’ (20)
V'=Q eO0A". Q1)

Applying Egs. (20) and (21) to Eq. (19), we obtain
N'e{(Q, ~Q,)x04}=0. 22)
Rewriting Eq. (22) using ae (l; X Z) =ce (2 X Z;) , we have

Qg — Q)¢ (0A'x N =0. 23)

Meanwhile, since the crown rack and the gear rotate in the

negative direction around z, by Q, and in the positive
direction around z, by Q,, respectively,
Q =-Qk (24)
a; =0, 1. (25)
Since the angle between z, and z, is 7/2+y,, from
Eq. (18), we obtain
Q, -Q, =Q,cos¥, j, (26)

where ], is unit vector of y, direction.
_In Eq. (26), the direction of Q Q
OP. Therefore, we can rewrite Eq. (23) as

is equal to that of

OPe(OA'xN')=0. @7)

In Fig. 6, circular sector AQA'B' is a plane. Since N' is
tangent to arc A'B' and OA' is on AOA' B', Eq. 27)'s
OA'xN' term has the same direction as the Lla}ne AOA'B’ .
Therefore, replacing OA'XN' with OA'XOB' does not
alter the outcome of Eq. (27). In turn, from the mesh Eq. (19),

base circle

pltch circle
|rcle of action

= o
Ty
rack pi
RN
Fig. 7. Kinematic relationship between gear and basic rack.
we obtain the final relational equation
OP ¢ (OA'XOB) =0 . (28)

Eq. (28) indicates that three different points A*,B",P are on a
single plane. Since pitch point P is a predefined fixed point in
space in Fig. 6, A'B' must pass through pitch point P. For
the mesh equation to satisfy between gear and rack, tooth con-
tact normal A'B' has to displace to 4B . Here, point A is
the tooth-contact point of gear and rack, and point B is the
tooth-contact point on the base circle. The trajectory of the
tooth-contact point draws a circle that has a center point O and
passes through P and B. From this, we learn that the tooth-
contact point trajectory for spherical involute gear is circle.

Consequently, we can observe that the tooth-contact point
A between gear and rack is on the circle of action fixed in
space, as shown in Fig. 7, and the circle of action is tangent to
the gear's base circle at point B,, .

If the gear engages in a uniform velocity circular motion at
Q, around axis z,, the trajectory of point A is also in a
uniform velocity circular motion along the circle of action.
The trajectory motion's rotational axis z, is displaced by the
amount of pressure angle ¢ in the clockwise direction around
the rack pitch circle's rotational axis z,°. And axis y, of
C, is coincide with y,%. The angular velocity of tooth-
contact point A is

Q,=-Qk, 29)
Q, =Q,siny, (30)
E:—sinoti,?JrcosotI:,.6 . 31)

3.2 Base circle of crown rack

As to the kinematic behavior of gear and rack and the con-
cept of base circle using Fig. 7, the mechanism can be under-
stood as base circles of gear and rack engaged in uniform ve-
locity circular motions at Q, and Q,, respectively, the
circle of action that links the two base circles being tangent to
both circles and engaging in a uniform velocity circular mo-
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tion at Q,. Here, the circle of action passes through pitch
point P and is tangent with the base circles of the pinion and
rack at fixed points B, and B,, respectively. Point B, is
the position of tooth-contact point A when the circle of ac-
tion's velocity ¥, and rack's velocity V). coincide. Accord-
ingly, the condition for obtaining OB, is

Vo=V, (32)
where

V. =Q, x04 (33)

V,=Q,x04 (34)

OA = &(sin 2,1, +¢0S 7, J,) - (35)

Applying Eqgs. (24) and (29)-(31) to Egs. (33)-(35), we ob-
tain

V,=Q,E(cos y i, —sin g, j,) (36)
VT. =Q, &(cos g, cosoti: —sin g, cos a]_'[: — €08 ¥, sin ag
(37

Substituting Egs. (36) and (37) into Eq. (32), we obtain
cosy, =0.

T
X,=% 38)

a

We now can substitute Eq. (38) into Eq. (35) to acquire the
position of OB, .

0B, =&, (39)
Since the rack's base-cone angle is £C, OB, inFig. 7,

T
Vor =5 =4 (40)

In Fig. 7, the azimuth angle becomes
b4
p=Z (1)

If the crown rack's tooth-profile curve is expected to be a
specific form of the general spherical involute tooth-profile
curve, the angular relationship between contact point B, and
pitch point P (Egs. (38), (40) and (41)) must be identical to the
result obtained from Egs. (1), (3) and (9). Since the rack pitch-
cone angle is z/2, substituting y, =z /2into Eq. (9), we
obtain y, =7/2-a .Substituting y,=7/2and y,=7/2-a
into Eq. (1) yields X =x/2. Also, f=7/2 from Eq. (3).
From these results, we can confirm that the crown rack's
tooth-profile curve is a complete spherical involute tooth-
profile curve with a pitch-cone angle of 7 /2 and base-cone

R
Y

Fig. 8. Angles between B, and P in the crown rack.

rack pitch circle

Fig. 9. Tooth profile of crown rack.

angle of 7/2—a . The result is depicted in Fig. 8. Angles
%, 7, between contact point B, and pitch point P are all
/2.

The crown rack's tooth-profile curve is mathematically ex-
pressed with angle parameters y,,7,,8, defined from refer-
ence line OP shown in Fig. 9.

Substituting y=7/2+y,,y=7/2+y, and f=7/2+p,
into Egs. (1)-(3) and (5), we obtain

sin ¥, =sinasin g, (42)
sin g = 207 (43)
tan y,
sin 5, = any, (44)
tan o
v, Zer + s _ﬂr (45)
cosa
m(l-cosax
== . 46
Vip 2 ( cos j (“46)

Furthermore, the crown rack's tooth-profile curve is defined
from Egs. (15)-(18). Substituting 7z/2+y,and 7z/2-¢ into
y and y;, respectively in Egs. (15)-(18), we obtain

04y =ény (47)

N4 = COS ¥, 8in7),.i, +COS ¥, cos ﬂrﬁ —siny, k, (48)
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A .
‘ basi circle

conjugate crown rack

Fig. 10. Imaginary crown rack.

Fig. 11. Pinion and gear generated by a common crown rack.

n, = 1 sin”! (L? Vr j —sin”! (Ln Vr ] . (49)
coso sino tano

In Eq. (49), 7, as a function of y, is the angle between
(/?,?, and E,_A\, , and 7,.(7,)=-1,.(=y,) . Therefore, we
find that the crown rack's tooth-profile curve 5,7, is point-
symmetric with respect to the curve's center point P. in Fig.
9. Accordingly, as shown in Fig. 10, the crown rack and its
conjugate rack are of identical configuration, and the gear
generated by the rack's front and rear sides is a homogeneous
spherical involute gear.

In other words, the crown rack defined by Egs. (42)-(44) or
Egs. (47)-(48) is a complete common basic rack of a spherical
involute gear.

Fig. 11 shows a pinion and a gear with number of teeth
Z,,Zy =12,17 generated by an imaginary crown rack of
m/E=0.1.

The pinion is generated by the crown rack's front side and
the gear by the rear side (conjugate crown rack). There is a
single point of contact between rack and pinion as well as
between rack and gear. Since both gears maintain contact with
the imaginary rack, the two gears have identical contact rela-
tionships at a common contact point. Therefore, we can verify

that every gear generated by the same imaginary crown rack is
compatible.

4. Consideration for bevel gear standardization

Although the spherical involute bevel gear-tooth profile has
been theoretically published and displays exceptional per-
formance and representative features, it has failed to become
widely used presumably because its processing is difficult and
manufacturing is costly. It is also a well-known fact that a
more effective cutting technique can be developed based only
on a solid theoretical foundation. Unlike spur gears, bevel
gears were first distributed in the industry in the form of non-
involute bevel gears. Bevel gear-tooth profiles that depended
on expert machines mainly made by Gleason and
Klingelnberg were very dissimilar to familiar involute tooth
profiles, and the special gears were too difficult to understand.
Their design and manufacturing processes are far more com-
plex and difficult than those of spur and helical involute gears.
Accordingly, it is an imperative task to expedite standardiza-
tion of bevel gears so that the widely used spur and helical
involute gear design approaches can be succeeded to solidify
the theoretical foundation for bevel gears. Active theoretical
studies will encourage development of more efficient cutting
techniques. In the previous chapter, the geometrical superior-
ity of a theoretically complete spherical involute gear was
examined and a crown rack was mathematically established as
a theoretically complete basic rack capable of generating
spherical involute gears. It is hoped that more effective hob-
bing, milling and cutting techniques will be developed based
on the common basic rack drawing. If so, spherical involute
bevel gears that are unlike commercial bevel gears will be-
come widely available in the industry. The spherical involute
gears will be compatible, and their axis alignment errors will
be less sensitive to velocity transmission rates. This chapter
proposes the standard tooth profile of a complete crown rack
capable of generating standard bevel gears. The tooth profile
is developed by benchmarking the widely known linear rack
tooth profile. If we can maintain the characteristics of the con-
ventional spur involute gear and use a similar design approach,
it will offer an optimal standard bevel gear model. The crown
rack's standard tooth profile consists of an involute part, a
round-tip part and an addendum/dedendum part. Specific di-
mensions are determined according to the methodology used
in a linear rack [5]. The involute part should be positioned so
that the height of the generated involute tooth surface is equal
to module. The radius of the round-tip part is recommended to
0.3m. Considering the gap of the generated gear, the adden-
dum/dedendum circle should be positioned so that the height
of the tooth tip is 1.25m from the pitch circle. For the gap
between the tooth tip of the cut gear and the tooth root of the
crown rack to maintain 0.05m, the gear blank's tooth-tip
height is set at 1.2m. (where m is a module.)

In Fig. 12, an arc Z(E with a cone angle of o is se-
curely placed between the tooth profile circle and the adden-
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Table 1. The tooth-tip height angle of the crown rack.

mlE Yah ((m/&)
a=14.5° a=20°
0.000 1.0251 1.0526
0.001 1.0251 1.0526
0.015 1.0250 1.0525
0.159 1.0232 1.0513
0.200 0.9985 1.0355

involute curve

Fig. 12. Round tip circle of the crown rack.

dum circle. ,
The position of the cone's center point A, is obtained
from the geometrical relationship of spherical triangle

cosgr = A0 (50)
tan A
cos A =cos(y, —17)cos ¢, (51

Eliminating ¢, from Eqgs. (49) and (50) gives

sin 4= S a =) (52)
sin o

From spherical triangle A4, P, P, ,

tan ¢y,

cosq =——"— (53)
tan(A +7)
cos(A+n)=cosy,y, cosd, . (54)
Eliminating ¢, from the two equations gives
siny,;, =sin(A+n)sinc . (55)

Table 1 lists the calculation of the crown rack's tooth-tip
height angle 7, for a=14.5°,20°and m/¢& =0.000 ~ 0.200
from Egs. (52) and (55).

The case of m/&=0.000 represents a linear rack. The ta-
ble indicates that y,,/(m/&) converges toward 1.0, which
means the active part of involute curve in the rack has a height

rack pitch circles

Fig. 13. Crown rack with respect to o =20° and m/&=0.000~0.200 .

about 1.0m. Accordingly, we can verify that the method using
a round-tip radius of 0.3m and an addendum tooth height of
1.25m is very adequate for the crown rack.

Fig. 13 depicts crown rack tooth-profile curves when
a=20° and m/&=0.000~ 0.200

5. Generation of a proposed standard bevel gear

Specifications for a standard bevel gear generated with a
crown rack of the standard tooth profile are determined ac-
cording to the basic specifications of the crown rack. If the
crown rack's basic specifications are given in terms of module,
tool pressure angle and cone distance, the module and pitch of
the generated gear are identical to those of the crown rack. If
the number of gear teeth Z, is given, the gear's pitch radius
is Ry, =mZ, /2 and the standard pitch-cone angle is

Vg = sin-‘{ng J . (56)
2¢

From Eq. (9), the gear's base-cone angle y,, is
Vbg = sin ! (cos rsin Vsg) - (57)

The standard bevel gear-tooth surface generated by a single
cycle of crown rack-tooth surface is obtained from the equa-
tion of meshing. The gear mesh equation can be mathemati-
cally expressed as follows.

NedV =0 (58)

~_ 904, 004, 59)
an, 0

AV =(Q, -Q,)x04, (60)

where 77,.and ¢ are free parameters.

The crown rack-tooth surface O4, is identically ex-
pressed with the Eqgs. (47) and (48) where the cone angle y,.
encompasses not only the involute part but also every curve in
the fillet, addendum and dedendum part. So ¥, is expressed
with a general form as a function of 7, according to each
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Fig. 14. Bevel gear generated by the crown rack cutter.

curve part.
Ve =) (61)
Applying Egs. (47), (48) and (61) to Egs. (58)-(60), we ob-

tain a single algebraic equation for parameter 7, and crown
rack's rotational motion 6, (Refer to Fig. 13)

f@,,6,)=0. (62)

The gear-tooth profile curve is obtained by transforming Eq.
(47) into the gear fixed coordinate system C, . If we denote

vector OA,'s C p coordinate elements as x ¢ VgiZg>
Xg =04, ®i, (63)
Vg =04, j, (64)
2, =04, ok, (65)

In Fig. 14, the crown rack fixed coordinate system C, ro-
tates around z, axis by 6, , and the gear fixed coordinate
system C, rotates around z, axis by —6, . Since the two
pitch circles are in rolling-contact motion,

- O (66)
siny,

O

and z, gy k k are represented as a function of 6, ,0,
from the relatlonshlp between the two object fixed coordinate
systems. Accordingly, x,,y,,z, in Egs. (63)-(65) are ex-
pressed as functions of variables 7,,£ and 6, ,0, . Since
0, ,0, are transposed to 7, from Egs. (62) and (66),
Xg,VgrZg become functions of two free parametersz,,&.
Consequently, we were able to obtain a surface equation for
the complete spherical involute gear generated by the crown

spherical involute gear

Fig. 15. Spherical involute gear generated by the crown rack
(m/«f=0.2,Zg=9).

\ ol (mfe) =T

G,

Fig. 16. Fillet curves along the radius of the round tip.

rack, and subsequently the mathematical representations of all
tooth-profile curves of involute, fillet, addendum and deden-
dum parts. Fig. 15 displays the crown rack and the tooth pro-
file of the spherical involute gear it generates.

Fig. 16 exhibits the fillet part curve according to the round-
tip radius of the crown rack with radius range 0~0.3m. The
Fig. illustrates that the tooth thickness of the fillet part in-
creases in proportion with the round-tip radius.

If the number of teeth of the gear to be generated is less than
a certain threshold, undercut occurs. According to undercut
prevention conditions specified by Litvin [4], the point where
the gear's direction of velocity coincides with the direction of
the circle of action's tangent line is the undercut threshold
point. The undercut threshold point in a spherical involute
gear system is the contact point between the base circle and
the circle of action. Accordingly, undercut occurs if the crown
rack’s tooth cut curve tip 4,, shown in Fig. 11 is positioned
higher than contact point B, inFig. 17.

Therefore, the bevel gear's threshold number of teeth is ob-
tained by calculating the gear's pitch-circle radius when the
tooth-tip point of a crown rack with module m passes through

point B, From spherical triangles AC,B,P and
AC,EB, inFig. 17,
t
cos f=20¥p (67)
tan Yp
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Table 2. The threshold number of teeth for avoiding undercut.

V4
Ya( °) ol
a=14.5° o =20°
0 32 17
10 31 17
20 30 16
30 28 15
40 25 13
50 21 11
60 16 9
70 11 6
80 6 3
90 2 2

Fig. 17. Undercut in bevel gear system.

t —_
CcoS ﬂ = M . (68)
tany,
Eliminating £, we have
Vo = tan™! (tany, sin? Q) (69)

and the condition to prevent undercut should be y,2m/&.
However, from the relationship m/&=2siny,/Z , the
threshold number of teeth becomes

2sin Yp

cr :

Ya

(70)

Table 2 lists the threshold numbers of teeth according to
pitch-cone angle y, .

The threshold number of teeth increases as the pressure an-
gle is reduced, and vice versa. It can be verified that with
a=20° and y,—>0, the result is identical with the spur
gear's threshold number of teeth 17. As y, increases to
71/2 , the threshold number of teeth decreases and becomes 2
when y,—>7/2 (crown rack). Fig. 18 displays the tooth-
profile curve of an undercut gear.

gear tooth profile

Fig. 18. Tooth profile with undercut (m/& = O.Z,Zg =6,Zy-=9).

6. Conclusions

This paper performed a comparative analysis of spherical
involute gears—the most ideal of bevel gears—and widely
known cylindrical involute gears to examine the similarities
and differences in terms of their geometrical and kinematic
properties. The spherical involute gear was proposed as a
standard bevel gear model most appropriate for bevel gear
systems, and corresponding proprieties were studied. Fillet
curve characteristics and undercutting were examined for the
proposed standard bevel gear, and it was confirmed that the
findings were very similar to the properties of spur involute
standard gears.

The common basic rack configuration is an essential ele-
ment that must be established not only for understanding a
gear's kinematic characteristics, but also for developing hob-
bing and milling techniques. This paper explained the bevel
gear's common basic rack, which had not been established up
to this point. The common basic rack was developed using the
gear mesh equation from the spherical involute gears that have
been published in theory. Since the rack and its conjugate rack
have identical configurations, it is clear that the spherical invo-
lute crown rack driven in this paper is the common basic rack
for bevel gear systems, which indicates that spherical involute
bevel gears are truly compatible. Based on analysis, it was
found that the tooth profile of the common basic rack is the
tooth profile of a spherical involute gear with a pitch-cone
angle of #/2 and a base-cone angle of z/2-«.

Therefore, it is believed that spherical involute bevel gears
are most qualified to be widely used as standard bevel gears.
The author hopes that more fundamental and profound studies
are conducted regarding spherical involute gears and innova-
tions made in their processing techniques to become widely
used throughout the industry and secure their position as stan-
dard bevel gears.

Nomenclature

B : Backlash

C go (xgo Y go ,Z go) Space fixed coordinate system
C, (xg 2 VgoZg) Body fixed coordinate system
m : Module
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]1 Normal vector at tooth contact point

ny Direction vector at point A

Loty Tooth thicknesses

v . Velocity at point  4."

Z,, : Threshold number of undercut

Va : Addendum cone angle

Ya>Var Cone angles of tooth height and tip

AV : Velocity difference at tooth contact
point

0 Round tip cone angle
A : Contact normal angle
& : Cone distance
O, :

,0. Rotating angles of gear and rack circle
Oty Azimuth angles
Q,.,Q, Magnitude and vector of crown rack
. rotational velocity
Q,,Q, Magnitude and vector of gear
rotational velocity
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Appendix
A.1 Geometry of the spherical triangle

A line connecting two points on the surface of a reference
sphere is an arc. The relationships in the triangle formed by
connecting three points on a sphere surface will be different
from those of a plane triangle. Fig. A.1 displays triangle
A4,B,C; on the surface of a sphere with center O and radius
& If we denote the tangent lines that contact arcs ;11_3\1 and
ZI_CE at apex A4, as A4 B, and A4C;, respectively, the
following relationship holds for plane triangle A4, B,C; .

(BC))* = (4,B))* +(4C))* = 2(4B))(AC))cosar (Al)

In triangle AOB,C,,

(BiC))* = (0B))” +(0C))* = 2(0B,)(OC)cos 4 (A2)
andIn AO4,B; and AOA4,C,

A,B, = 04, tanT (A3)

O_B] = O_Al/ cosI’ (A4)

A,C, = O4, tan B (A5)

0_C1=0_Al/cosB . (A6)

Substituting Egs. (A2)-(A6) into Eq. (A1) and rearranging,
we obtain

cos A =cosBcosI'+sinBsinl cosa (A7)

Fig. A.1. Spherical triangle and its relations.

Likewise, if we apply similar processes to plane triangles
A4,B,C, and AA4;B;C;, we obtain the following relation-
ships:

(A8)
(A9)

cos B =cosI'cos 4 +sinI'sin Acos ff
cosI" = cos Acos B +sin Asin Bcosy

If A4;B,C; is a right spherical triangle with a =90°,
from Eq. (A7)
cos A =cosBcosI’ (A10)

Eliminating B or A from Egs. (A8) and (A10) and rearrang-
ing,

tanI" = tan Atan (A11)
tan B = tan fsin y (A12)
Eliminating I" from Egs. (A9) and (A10), we obtain

tan B = tan Acos ¥ (A13)
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