
êÆ#(� >��;9
www.nsmath.cn/jszl

]ê�����ÜØ�ª

+¡)

(MÃ�Æ, xiaoshengmu@fas.harvard.edu)

1. ¯̄̄KKK���µµµ

� f(x), g(x)´«m [0, 1]þ��K¼ê, @o·�këY/ª��ÜØ�

ª: Z 1

0
f(x)g(x)dx ≤

�Z 1

0
f 2(x)dx

� 1
2

·
�Z 1

0
g2(x)dx

� 1
2

.

aq/, XJ a1, a2, . . . , an; b1, b2, . . . , bn´ü��Kê�, Kk:

nX
i=1

aibi ≤
 

nX
i=1

a2i

! 1
2

·
 

nX
i=1

b2i

! 1
2

.

���ÜØ�ª�ïÄÁã3�½^�e�Ñ�þ¡���Ø�ª, =�

>�u�um>�~ê�. ù�¡�1��(Jd Polya Ú Szego ��:

½n 1 (Polya-Szego, 1925) XJ f(x) ∈ [a,A], g(x) ∈ [b, B], Kk:Z 1

0
f(x)g(x)dx ≥ 2

√
abAB

ab+ AB
·
�Z 1

0
f 2(x)dx

� 1
2

·
�Z 1

0
g2(x)dx

� 1
2

.

ù�Ø�ª�lÑ/ª�¤á.

·����ÜØ�ª3 f(x)
g(x)
�~ê���Ò. du�� f(x), g(x)���

�Ò��
§�'������, ù�þ¡�(JÒéÐn)
. Ó�/, ÏL

b� f(x)� g(x)Ñ´]¼ê�Uå��� f(x)
g(x)
��J, l��e¡�(Ø:

½n 2 (Gruss ’35, Bellman ’56, Barnes ’69, Borell ’73) XJ f(x)

� g(x)Ñ´ [0, 1]«mþ�K�]¼ê, Kk:Z 1

0
f(x)g(x)dx ≥ 1

2
·
�Z 1

0
f 2(x)dx

� 1
2

·
�Z 1

0
g2(x)dx

� 1
2

.

5¿�ùp�~ê 1
2
´�`�, 3 f(x) = x, g(x) = 1− x���Ò.

�©�Ä½n 2 �lÑ/ª. ·�òy²:
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½n 3 � a1, a2, . . . , an; b1, b2, . . . , bn (n ≥ 2)´ü��K�]ê�, =éz

� 2 ≤ i ≤ n− 1k 2ai ≥ ai−1 + ai+1, 2bi ≥ bi−1 + bi+1. Kk:

nX
i=1

aibi ≥
n− 2

2n− 1
·
 

nX
i=1

a2i

! 1
2

·
 

nX
i=1

b2i

! 1
2

. (1)

�Ò3 ai = i− 1, bi = n− i���.

â)ö¤�, ½n 3 3yk©z¥E´��ß�. Barnes Q3Ø©¥�Ñ

¦'u½n 2 ��{Ø·^u��lÑ��¹, �U)ûü�ê�þüN�

AÏ�¹. e�!·�k�Ñ@�¯K�{'y².

2. üüüNNN���///���{{{'''yyy²²²

ù�!·�b�ü�ê�Ñ´üNê�, 3dN\^�ey²½n 3. d

u�±ò��ê�¥�z��¦þ~êØUC¯K^��(Ø, ·�Ø�b

�
nP

i=1
ai =

nP
i=1

bi =
n(n−1)

2
. d�kXeÚn:

Ún 4 � a1, a2, . . . , an ´��üN��K]ê�, �÷v
nP

i=1
ai =

n(n−1)
2

.

K
nX

i=1

a2i ≤
nX

i=1

(i− 1)2 =
n(n− 1)(2n− 1)

6
. (2)

y² Ø�� a1 ≤ a2 ≤ · · · ≤ an. d Karamata Ø�ª, �Iy²éz

� 1 ≤ k ≤ n− 1k
nX

i=k+1

ai ≤
nX

i=k+1

(i− 1).

5¿�éz� 1 ≤ j ≤ k < i ≤ n, d]ê�5�k

aj ≥
j − 1

i− 1
· ai +

i− j
i− 1

· a1 ≥
j − 1

i− 1
· ai.

�� i−1
j−1 · aj ≥ ai, é i¦Ú��Pn

i=k+1(i− 1)

j − 1
· aj ≥

nX
i=k+1

ai, ∀1 ≤ j ≤ k.

XJ
nP

i=k+1
ai >

nP
i=k+1

(i − 1), @odþ¡�Ø�ª�� aj > j − 1, ∀1 ≤ j ≤ k.

ù���¤k ai�Ú�u
nP

i=1
(i− 1), �Ún^�gñ. u´Ún�y! �

£�½n 3 �y². ·��� (1) ªm>�õ´ n(n−1)(n−2)
6

. ,��¡,

2
nX

i=1

aibi =
nX

i=1

(ai + bi)
2 −

nX
i=1

a2i −
nX

i=1

b2i

www.nsmath.cn 2



≥ 1

n

 
nX

i=1

(ai + bi)

!2

− n(n− 1)(2n− 1)

3

= n(n− 1)2 − n(n− 1)(2n− 1)

3
=
n(n− 1)(n− 2)

3
.

ù�Òy²
 (1) ª. �

XJÚn 4 �(Øé��]ê��¤á, @o^Ó��y²=�����

�½n 3. é¢Ã,
nP

i=1
a2i ����¿Ø3 ai = i− 1 (½ ai = n− i ) ���. ·

�ke¡�(Ø:

Ún 5 (Khintchine) � a1, a2, . . . , an (n ≥ 3)´���K]ê�, �÷

v
nP

i=1
ai =

n(n−1)
2

. K

nX
i=1

a2i ≤
n−1X
i=1

�
n(i− 1)

n− 2

�2

=
n2(n− 1)(2n− 3)

6(n− 2)
. (3)

y² ·�æ���m��üÑ, b�
nP

i=1
a2i �����, l�Ñê��

�
5�±B�����y (3) ª. ù��{���¬^�.

3¤k÷v
nP

i=1
ai =

n(n−1)
2
��K]ê�¥���¦�

nP
i=1

a2i ��. d;8

ÚëY¼ê�5�, ���´���.

·�Äky²�õ�3�� j (2 ≤ j ≤ n− 1), ¦� 2aj > aj−1 + aj+1.

b�Ø,, K�3 1 < j1 < j2 < n¦�

2aj1 > aj1−1 + aj1+1 � 2aj2 > aj2−1 + aj2+1.

�Ä��9Ïê� {δi}ni=1: � 1 ≤ i ≤ j1 � δi = i − 1; � j2 ≤ i ≤ n

� δi = λ(i−n) (Ù¥ λ´�½��ê);� j1 < i < j2� δi =
j2−i
j2−j1 ·δj1+

i−j1
j2−j1 ·δj2 .

lAÛ�Ý5`, n�: (i, δi)ë�¤n��ã, $:TÐÑy3 i = j1, j2.

´��3��� λ ¦�
P
i
δi = 0. ù��Äü�ê� a′i = ai + ε · δi ±

9 a′′i = ai − ε · δi, §��ÚÑ�u n(n−1)
2

. 5¿�ê� {ai}´]�, ¿�3 i =

j1, j2?´î�]�. ê� ±{δi}3 i 6= j1, j2?´�5�, ¤±é¿©���

ê ε,ê� {a′i}, {a′′i }Ñ´]�. qdu δ1 = δn = 0, a′1 = a′′1 = a1, a
′
n = a′′n = an

Ñ´�K�. d]ê��5�, {a′i}� {a′′i }Ñ´�K�. � {a′i}, {a′′i }Ñ´Î

Ü^��ê�, �´

X
i

a′2i +
X
i

a′′2i − 2
X
i

a2i = 2ε2
X
i

δ2i > 0,

�
P
i
a2i ���5�gñ!

3 êÆ#(�



¤±·�y²
�3 k (1 ≤ k ≤ n), ¦� a1, a2, . . . , ak ´��ê�,

 ak, ak+1, . . . , an�´��ê�. XJ k = 1½ k = n, @o {ai}´üN�.

�Ä9Ïê� δi = i − n+1
2
. XJ a1, an > 0, K {ai ± εδi} Ñ´�K�

]ê�, �Ù¥���²�Ú' {ai}�. ¤±��U a1 = 0½ö an = 0, 2

d
P
i
ai =

n(n−1)
2
�� ai = i− 1½ö ai = n− i.

ù�·�2g��Ún 4 �(Ø, =� {ai} üN�
P
i
a2i ����

´ n(n−1)(2n−1)
6

< n2(n−1)(2n−3)
6(n−2) .

�e5b� 1 < k < n, ·�y² a1 = an = 0. XJ a1 > 0, �Äe¡�9

Ïê� δi: � k ≤ i ≤ n� δi = n− i;� 1 ≤ i < k� δi = n− k − λ(k − i). �

��� λ¦�
P
i
δi = 0, @oÚþ¡���±y² {ai ± εδi}Ñ´Ú� n(n−1)

2
�

�K]ê�. ù�
P
i
a2i ���gñ!

¤±�3 1 < k < n¦�

ai =
i− 1

k − 1
· ak, 1 ≤ i ≤ k, ±9 ai =

n− i
n− k

· ak, k < i ≤ n.

|^
P
i
ai =

n(n−1)
2
�� ak = n, u´�±��¦Ñ

X
i

a2i = n2 ·

�
kX

i=1

(
i− 1

k − 1
)2 +

nX
i=k+1

(
n− i
n− k

)2

�
=
n2

6
· (2n− 2 +

1

k − 1
+

1

n− k
).

du 1
x
´à¼ê, N´wÑþ¡�m>�ªf3 k = 2½ k = n − 1��

�. ���´ n2

6
· (2n− 2 + 1 + 1

n−2) =
n2

6
· (n−1)(2n−3)

n−2 , u´Ún�y! �

3. ������êêê������yyy²²²

ù�!·�y²½n 3 é����K]ê� {ai}, {bi}Ñ¤á.

Ø�b�
P
i
ai =

P
i
bi =

n(n−1)
2

. �Iy²3ù
^�ek

X
i

aibi ≥
n− 2

2n− 1

X
i

a2i . (4)

XJ (4) ª¤á, @oé¡/k

X
i

aibi ≥
n− 2

2n− 1

X
i

b2i ,

u´ (1) ª�½¤á.

�y (4) ª, ^þ�!�N�{���I�Än«�¹:

(i) ai = i− 1, 1 ≤ i ≤ n,

(ii) ai = n− i, 1 ≤ i ≤ n½ö
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(iii)�3 1 < k < n¦� ai =
i−1
k−1 ·n, 1 ≤ i ≤ k,±9 ai =

n−i
n−k ·n, k < i ≤ n.

k�Äcü«(é¡�)�¹, d���y²

nX
i=1

(i− 1)bi ≥
n(n− 1)(n− 2)

6
.

du�>´ bi��5Ú, ·��±2^N�{¦�ê� {bi}�áuþ¡n«�

¹��, ���5. 1

XJ bi = i− 1,
P
i
aibi =

n(n−1)(2n−1)
6

. XJ bi = n− i, P
i
aibi =

n(n−1)(n−2)
6

.

��b�ê� {bi}áu�¹(iii), d�·�ò 2
P
i
aibi ≥ n(n−1)(n−2)

3
U��

X
i

(ai + bi)
2 ≥

X
i

a2i +
X
i

b2i +
n(n− 1)(n− 2)

3
,

�Ò´

X
i

(ai + bi − n+ 1)2 ≥
X
i

a2i +
X
i

b2i −
n(n− 1)(2n− 1)

3

=
X
i

b2i −
n(n− 1)(2n− 1)

6
. (5)

du a1 = b1 = 0, (5) ª�>��´ (n− 1)2. dÚn 5, (5) ªm>�õ´

n2(n− 1)(2n− 3)

6(n− 2)
− n(n− 1)(2n− 1)

6
=
n(n− 1)2

3(n− 2)
≤ (n− 1)2.

�½n¤á.

��b� {ai}áu�¹(iii). dÚn 5 � (4) ª�m>�õ´ n2(n−1)(2n−3)
6(2n−1) .

u´��y² 2
P
i
aibi ≥ n2(n−1)(2n−3)

3(2n−1) , =

X
i

(ai + bi − n)2 ≥
X
i

a2i +
X
i

b2i +
n2(n− 1)(2n− 3)

3(2n− 1)
− n2(n− 2). (6)

XJ {bi}áu�¹ (iii), @o a1 = b1 = an = bn = 0. d� (6) ª�>��

´ 2n2. dÚn (5) �� (6) ªm>�õ´

n2(n− 1)(2n− 3)

3(n− 2)
+
n2(n− 1)(2n− 3)

3(2n− 1)
−n2(n−2) = n2 · 2n2 − 4n+ 1

(n− 2)(2n− 1)
≤ 2n2.

1äN5`,·��±�ê� {bi}¦�
P
i

aibi��,¿3d^�e�¦÷v 2bj > bj−1+bj+1

�eI j ��(¡ù��eI�“$:”). XJ�kõ�ê�K¦þ�¦ b1, bn �u". Ó
Ún 5 �y², �õk��eI j ¦� 2bj > bj−1 + bj+1. ÄK {bi ± εδi} �ÎÜ^�, ¿
�
P
i

ai(bi + εδi) +
P
i

ai(bi − εδi) = 2
P
i

aibi (9Ïê� δi ÓÚn 5 �y²). @�d��5�

�
P
i

ai(bi ± εδi) =
P
i

aibi. ,ÏL�·�� ε�±¦� {bi ± εδi}¥���ê�' {bi}�

��$:, �·�À� {bi}��{gñ! u´ {bi}�o´üN�, �o�k��$:. XJü
N, ·��±^Ó��{?�Úy² b1 = 0½ö bn = 0, u´ bi = i − 1½ö bi = n − i. X
J 2bk > bk−1 + bk+1 ´��$:, K�±y² b1 = bn = 0. ÄKé·�� ε, ê� {bi ± εδi}�
�����, ¿��o���$:, �o3 b1, bn ?õ��".

5 êÆ#(�



XJ {bi}áu�¹ (i) ½ (ii), @o (6) ª�>��´ n2. dÚn 4 ÚÚ

n 5 �� (6) ªm>�õ´

n2(n− 1)(2n− 3)

6(n− 2)
+
n(n− 1)(2n− 1)

6
+
n2(n− 1)(2n− 3)

3(2n− 1)
− n2(n− 2)

=n2 − n(n− 1)(2n2 − 6n+ 1)

3(n− 2)(2n− 1)
≤ n2.

�ÃØXÛ (6) ªÑ¤á, ·��Ò�¤
½n 3 �y²! �
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