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THE SUMS OF SQUARE TECHNIQUE

|. Theorem.
Consider thefoll ovvi ngi nequal ity
mg a* +nQ a’b? + pa a’b+gQ ab®- (m+n+p+g)Q a’bcs 0
cyc cyc cyc cyc
With a,b,c bereal numbers.

im>0
Then this inequality holds when .
13m(m+n)3 p®+ pg+g?

Proof.
We rewrite the inequality as

mgeé at- § a’t? _+(m+ )¢ a a’b? - a azbc + pga a’®- § azbcg
STy cyc %] e oyc QI € cyc cyc %]

+g9é ab®- § azbc+3 0

€ oy cyc 2
Note that
qa-qa’=:= a(a b?)?
cyc cyc

Q a’b- § a’bc=Q b’c- § a’hbc = Q be(a? - b?)

cyc cyc cyc cyc cyc
=-§ be(a® - b%) += (ab+bc+ca)a (a2- b?) = é (a% - b?)(ab+ac- 2bc)
cyc cyc 3 cyc

Q ab®- § atbc=§ ca®- § ab’c = § ca(@?- b?)

cyc cyc cyc cyc cyc

= q ca(a®- b?)- (ab+bc+ca)a(a )—-%é(az-bz)(ab+bc-20a)

cyc cyc c
Then the inequality is equivalent to

24 (a- bz)“%é (a® - b)(p- g)ab- (2p+ g)be +(p +2g)ca]
cyc cyc

5
+(m+ n)geé a’h? - § a%c+3 0

€ o cyc 2
Moreover
Q 22 R .2 1 2
a’b®- q a’bc = [((p- g)ab- (2p+ g)bc+ (p+2g)ca]
R R T Rk}

The inequality becomes
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D& (@ - )7 +28 (@~ b)((p- g)ab- (2p+ )b+ (p+2g)cal
cyc cyc

m+n o
+ [(p- g)ab- (2p+g)bc+(p+2g)cal® 3 0
6(p* + pg+gz)§ylc

U ié’l[?m(az- b*) +(p- g)ab- (2p+ g)bc + (p + 2g)cal®
18mCyc

3m(m+n)- p°- pg- g° 2
+ - glab- (2p+g)bc+(p+2g)calc® 0

im>0 . L
From now, we can easily check that if : then the inequality istrue.
3m(m+n)3 p*+ pg+g?

Our theorem is proved. J

[1. Application.
Example 1. (Vasile Cirtogje) Prove that
(a® +b? +¢?)? 3 3(a%h + b’c + ca).
Solution.
The inequality is equivalent to
qa*+2 a?- § a3 0

cyc cyc cyc
Fromthis, weget m=1n=2,p=-3,g =0, we have
im=1>0

{3mm+n)- p?- pg- g? =3X4x1+2)- (-3)%- (-3)>0- 02 =0
Then using our theorem, the inequality is proved. J

Example 2. (V6 Qubc B4 Can) Prove that
a’ +b* +c* +(V/3- 1)abc(a+b +c) 2 V3(a’h + b + c%a).
Solution.
Wehave m=1,n=0,p=-+/3,g=0 and
i-m:1>0

F3m(m+n)- p?- pg- g? =3x4x1+0)- (-3) - (-v3)>0- 02 =0
Then the inequality is proved. J

Example 3. (Pham Van Thuan) Prove that
7(a* +b* +c*) +10(a®b + b’c + c%a) 2 0.
Solution.
We will prove the stronger result, that is
.4
78 a* +10Q a’b3 ggeé as
cyc cyc cec @
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0 86Q a*- 519 a?b? +101Q a’b- 34Q ab®- 1028 a’hc3 0
cyc cyc cyc oyc cyc
] m=286
fn=-51
: p =101
fg=-34
Moreover
jm=86>0
%3m(m+ n)- p?- pg- g% =3x86X86- 51)- 101° - 101X~ 34) - (-34)? =1107 >0
Then the inequality is proved. J

Example 4. (Vi Binh Quy) Let a,b,c > 0,abc =1. Prove that
1 1 1
+

£3.
a’-a+1 b*-b+1 c*-c+1
Solution.
On Mathlinks inequality forum, | posted the following proof:
1 1 1
. = + + 31
Lemma. If a,b,c > 0,abc =1, then Trarl D rprl Prcil
1._yz
Z:I T
Proof. From the given condition a,b,c > 0,abc =1, there exist x,y,z >0 such that .l :y%(' And
T
ro_x
te 2
then, the inequality becomes
4
: 4 2X 252 s 1
e X T XYyZ+ Yy Z
By the Cauchy Schwarz Inequality, we get
.2 .2
Lo O Lo 2 (0} o O
s ca X+ ca X+ ca X =
é X 3 eCyC 9 %C}’C g 5 3 5 eCyC %) =1
o X+ XCyz+ y?7? a (¢ +xXyz+ y’z ) ax+a y’2+a X¥yz g xt+23 v2
cyc cyc cyc cyc cyc cyc
Our lemmais proved.
1 11
P
Now, using our lemmawith notethat j , we get
] ixlxi =1
‘I‘ 2 b2 CZ
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o x4 ~ o X+l 20 3 2(x* +1)

———31U £4
o XX +1 o XX +1 o XX +1
2 2. X+ .
o (X*+Xx+D+(x°- X 1)£4U é 1 +é i 1 £

oo (CHX+DE - x+1)
Using our lemmaagain, we can get the result. J

2
e X7 - X+l o xt+x+1

Now, | will present another proof of mine based on this theorem

Since a,b,c >0,abc =1, there exists x,y,z>0 such that a= X b=E =iz( then our inequality

y
becomes
0 x? 3x? 3x? 0. o, o (X-2y)?
—£3U —£9U - 33U _ 3
A v EICX-XVW aS X - xy+y? g A% y+y

By the Cauchy Schwarz Inequality, we get
, N N , 2
€o (Xx-2y)® U€po U, éo U
=3 ‘a (x- 2y)2(x* - xy+y?) g3 éa (x- 2y)*(
ecycX - Xy +y? Ué o 0 écc a
It suffices to show that

2

88 (x- 2y)20 * 38 (x- 220¢ - Xy +y?)

€cyc u cyc
0 10§ x* +39Q x°y?- 259 %y - 16Q »° - 8§ x°yz? 0
cyc cyc cyc cyc cyc
From this, weget m=10,n=39,p=-25,g- 16 and
im=10>0

% 3m(m+n)- p?- pg- g? =3X10X10+39) - (- 25)% - (- 25)X- 16) - (-16)* =189>0
Then using our theorem, the inequality is proved. J

[11. Some problems for own study.
Problem 1. (Vasile Cirtogje) Prove that

a*+b* +c* +a’b+ b3 +c*a® 2(a® + b+ ca).
Problem 2. (Pham Vian Thuan, V8 Qubc B4 Can) Prove that

a(a+b)®+b(b+c)®+c(c+a)®s %(a+ b+c)*.
Problem 3. (Pham Kim Hung) Prove that

at +b* +ct +%(ab+ bc +ca)? 3 2(a’h +b’c + c*a).
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