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As we knew, The three variable inequalities (TVI) is a section very interesting and hard
in inequality. About 10 years back to now, the three variable inequality being ’fertile ground’
in the inequality now. Because that it is very nice, onle three variable simple a, b, ¢ but we
have very much inequality, very much interesting in its. Beside very hard problem is very
method was born to solved TVI. But only method has interesting in its, Also we inevitable
too weakness of only method. In this sections we ’ll explore a method (Not new) that we
thinks it very interesting and definitely it is very useful for you in contests Olympic Mathe-

matical,.... And now we ’ll enjoy it.

Learning Inequality, definitely who know Sum Of Square (SOS) and Vornicu-Schur (VS)
method too, so we don’t talk much for its. As we knew , with three variable are symmetry
and cyclic permutation inequality we may performances them to SOS form S, (b—c)?+S(c—
a)?> + S.(a—b)2>0o0r VSis x(a—b)(a—c)+y(b—a)(b—-c)+ z(c—a)(c—b) > 0.Firstly

we will review them

I. From SOS : S = f(a,b,¢) = Sa(b—c)? + Sp(c — a)? + Sc(a — b)%.
Including S, Sy, S¢ is functions have a, b, ¢ is variables.
1.If S,, Sy, S. > 0 then S > 0.
2Ifa>b>cand Sy, Sy, + 5,5, +S, >0 then S > 0.
3.Ifa>b>cand Sy, S. >0,a%S, + b2S, > 0 then S > 0.
4. Ifa>b>cand (a—¢)Sp,+ (a—0)S. > 0,(a—¢)Sp + (b—¢)S, > 0 then S > 0.
5Ifa>b>cand Sy, S. >0,(a—c)Sp+ (b—¢)S, >0 then S > 0.
6. If S, + Sy +Sc > 0 and S, Sy + SpSe + 5SS, > 0 then S > 0.
We will prove them.

1. Of course that (a — b)%, (b — )2, (c —a)? > 0 but S4, Sy, S > 050 .S > 0.
2.Because a >b>cso (a—c)2=(a—b)2+(b—c)?+2(a—b)(b—c) > (a—b)*+ (b—c)?
So Sq(b—¢)? + Sy(c —a)? + S.(a —b)? = (Sq + Sp)(b— ) + (Sp + S.)(a — b)%.

Because Sy, Sp + 5S¢, Sp +5, >0s0 S > 0.

3. We have (a—c)—%(b—c) = @ >0 and S.(a —b)? > 0. So

2 . ang + b2Sa

S =8,(b—c)*+Sy(c—a)?+S.(a—b)* > LS'a(bfc)QJer.Z—z(bfc)2 = 5 (b—c)? > 0.
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4,5. We have S = (S, + Sp)(b — ¢)? + (S, + S.)(a — b)?
= (b=0)[(Sa + ) (b = ¢) + Sp(a = )] + (a = D)[(Sp + Sc)(a — b) + Sp(b — ¢)].

=0b-c)la—c)Sy+ (b—c¢)Sa] + (a—b)[(a —¢)Sp + (a — b)Sc] > 0.

6.Notive that if S, +S,+S. > 0 then we can assume that S, +S5, > 0. Let x = a—b,y = b—c
then

Scx? + Say® + Sp(z +y)* = (Sa + Sp)y” + 2Spxy + (S + Sc)a”

Because
A = Sl? —(Sp+5a)(Sp+ Se) = —(SaSp + SpSc + S:S,) <0

So we are done.

Il. Form VS: For a > b > ¢ and z,y, z be non-negative function , See that inequality
V=x@-b(a—c)+yb—c)(b—a)+z(c—a)(c—b)>0

This inequality is true if it such that one condition in that conditions
lL.z>y.
2. z>0y.
3.x+z2>y
4. VT +VE 2 T
5.ax > by (If a,b, ¢ be nonnegative real numbers and a > b.)
6. cz > by (If a,b, ¢ be nonnegative real numbers and a > b.)
7. ax + cz > by (If a,b, c be nonnegative real numbers and a > b.)
8. Var ++/cz > /by with a > b > ¢ > 0.
9. bz > cy with a, b, ¢ be sides of a triangle.
Now, we ’ll prove them.
See that in 9 case then 1,2,3 was rightarrow from 4 and 5,6,7 was rightarrow from 8 so
we need prove 4,8,9.Indeed ,
4.We have

V=x@-b(a—c)+yb—c)(b—a)+z(c—a)(c—b)

= [VZa - (VE+v2) b+ Vad* + [(VE+VE —1)] (a—b)(b—c).
SoV >0.

8. Case a = b or b = c then the inequality is of course. Let case a > b > ¢ > 0.
Multiply two hands with (a — b)(b — ¢) > 0 we have the inequality is equivalent to
a—c a—c

b—c+za—b

T > .

Apply AM-GM Inequality we have

a—c_a)_  f(a-c_c _ax+cz+mc(a—b)+za(b—c)
b—c b)) \a—b b)) b bb—c) ' bla—b)

LHS = am—i—cz_'_x(

b

:ax+cz+2\/xc(ab) za(b —c) _ (\/@Jr\/&)Q
b b(b—c) bla—0) b ’
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Because \/ax + /cz > /by so this inequality is true.

9. Wehavea—c—g(a—b): (b—c)(bc—i—c—a) > 0. So

bz —cy

V > y(b—c)(b—a)+z(a—c)(b—c) > y(b—c)(b—a)—l—z.g(a—b)(b—c) = (a=b)(b—c) >0

Also have many diferent standards you can see in solving problem.
And an interesting here is SOS < VS(S < V). Indeed,

S = Su(b—c)*+Sy(c—a)?+Sc(a—b)* = Sy (b*+c* —2bc)+ Sp(c? +a* —2ca) +S.(a® +b* —2ab)

= (Sp+Se)a® =Y (2Sa.be)
=> [(S+Sc)a® + (Sp + Se) be — (Sy + Se) ab — (Sp + Se) ac] > 0.
= (S +5c) (@—=b)(a—c)+ (Sc+ 5a) (b—c) (b—a)+ (Sa+ Sp) (¢ —a) (c—b)

So we have £ = S, + S,y = Sq + Se, 2 = Sq + Sp-
Thus we can use 9 standards for SOS or 6 standards for VS.
Some equality useful that
1. a? + b% — 2ab = (a — b).
a b (a—b)?
2. -+ —-=—2=—""
b + a ab

3.a°+b?+c?—ab—bc—ca= % [(a—b)*+ (b—c)?+ (c—a)? :Z(afb)(afc).
4. a®+b3+c*—3abc = %(a+b+c) [(a=b)?+(b—c)*+ (c—a)?] = ZCLZ(afb)(CL*C).

5. (a+b)(b+c)(c+a) —8abe = a(b—c)?> +b(c—a)? +cla—b)? = Z[(a—i—b)(a—b)(a—c)].
2 2y _ (a _ (a—b)2

6. /2(a? +b%) — (a + b) Tt VRETT
a (a—b) a+b+2c

VRl A e E TR lerzariz: i L CRL)

As in practice, we see that have a big duration TVI can solved by two this assessment.
The work solved problems we can see very much in different inequality books so in this

section we ’ll prove some selective inequality nice and intersting.

Problem 1 . Let a, b, ¢, X, y, z be six real (not necessarily nonnegative) numbers.
Assume that a > b > c. Also, assume that either x >y > z or x <y < z. Then,

<Z(a—b a—c) (Zm a—"0)( a—c)Z(Zx(a—b)(a—c))

Solution:

The inequality we have to prove rewrites as

(Z(ab ac) <Zx (a —b) ac))(Zx(ab)(ac))QZO

cyc cyc cyc

But a straightforward calculation reveals that
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(Z(a—b)(a—c)) : <Zm2(a—b)(a—0)> - (Zw(a—b)(a—c))

cyc cyc cyc

——(@=b) b= a-0 (b= -2 +(—a)(z-2)°+ (@) (z—y)°)

Since a —b > 0,b—c > 0 and a — ¢ > 0 (this is all because a > b > ¢), instead of proving
that this product is > 0, it will be enough to show that

(b=c)ly—2)"+(c—a)(z=2)"+(a=b)(x—y)* <0

This is equivalent to

(b=e)ly—2)"+(a=b)(z-y’<—(c—a)(z—2)°

what rewrites as
b-c)y—2°+(a=b)(x—y)*<(b-0c)(z—2)*+ (a—b) (2 —x)°

However, since b —c¢ > 0 and a — b > 0, this will become trivial once we succeed to show
that (y — 2)° < (z — 2)” and (z — y)® < (z — 2)°. But this is equivalent to |y — z| < |z — 2
and |z — y| < |z — x|, what is actually true because we have either z >y >z or z < y < z.
This completes the proof of problem 1.

General: Let p and ¢ be real numbers such that pg > 0, and let a, b, ¢ be non-negative
real numbers. Prove that So.Sp+q > 5.5 , where S =3 a*(a—b)(a—c)
Problem 2(Darij Grinberg). If p is an even nonnegative integer, then the inequality
> eye @ (@ —b) (a — ¢) > 0 holds for arbitary reals a, b, c.

Solution: Since the inequality in question is symmetric, we can WLOG assume that

a > b > c. Since p is an even nonnegative integer, we have p = 2n for some nonnegative

integer n.
-1, ift<0
Define a function sign by sign ¢t = 0, ift=0
1, ift>0
Define = = sign a - |a™|, y = sign b - [b™|, z = sign ¢ - |c"|.
Then,

2% = (sign a-|a")? = (") = a®" = a?

and similarly y? = P and 22 = ¢P.
But a > b > ¢ yields ¢ > y > z (in fact, the function

F(t) = sign - |¢"]

is monotonically increasing on the whole real axis). Thus, we can apply problem 1 to get

(Z(a—b)(a—c)>.<zap(a—b)(a—c)> = (Z(a—b)(a—c)>.<zx2(a—b)(a—c)>

cyc cyc cyc cyc
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> (Zw(a—b)(a—c)) >0

cyc
By the same argument as in the proof for standards 1 of VS. We see that we can divide
by Z (a —b) (a — ¢), and obtain Za” (a—0b)(a—c)>0.

cyc cyc

Problem 1(Nguyen Duy Tung, Nguyen Huy Tung). If a,b, ¢ are nonnegative real
numbers, then

at + b+ +abela+b+c) ZZbc(bJrc)\/bechch.

Firstly Solution:
First,we have:(b + ¢)v/b2 — bc + ¢2 > b? + ¢ < be(b — ¢)? > 0 and then,

be(b — ¢)? be(b — c)?
b+ VB —bet & — (17 + ) = = |
VB bt d =+ ) = e e S T )

So we just need to prove a Even Stronger one:

4 9 o b2c2(b — ¢)?
Za —i—acha—Zbc(b +C)222(b§+c2>)

b2c2(b—c
& - Z 240 —c*)(a—b)? >Zb§—|—c2;

2 a*b’ 2
& - g a®+b* — poa— (a—b)*>0.
WLOG a > b > ¢ ,and then we have:

a’b? a* 4+ a?b? + bt

_ 2,32 2 _ 2 2 2
S.=a“+b _C_a2+b2_ 2 —ct>a"—c >0
2.2 4 292, .4
a‘c a* 4+ a*c® +¢
Sy=a?+c b — S e s - S B
a? + c? a? + ¢2

So, S.(a —b)% >
Sp(a—c)? 4+ S, (b—c)? > (Sq + Sp) (b —¢)?

b2c? a’c?
= |:(b2+62_a2_b2—l—c2>+<a2+82_b2_a2+02>:| (b—C)2

1 1
4 2
= — > 0.
c*(b—c) (a2+02+b2+02)_0

Plus the two inequalities together,we have Z Se(a — b)2 > 0 and the proof is completed.

Second Solution:

WLOG, we may assume that ¢ = min(a, b, ¢). Apply AM-GM Inequality we have

a?+a?—ac+c V242 —be+c?

ava? —ac+ 2 +b\/b2 —be+ 2 < 5 + 5

Therefore,

2 2 2 _ 2 b 2 2b2—b 2
ac(ate)V/a? — ac + A4be(b+c) /b2 — be + 2 < act+¢)@a” —actc) | (bt ) e+,

2 2
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_2a%c+20%c + 2¢t + P (a® + b?)
B 2

It suffices to prove that

a* +b* + c* +abela+b+c) > ab(a+b)va? —ab+ b2 + a®c + b3c + ¢t + P (a® + b?) /2.

20,2 4 2
< a' + b —ab(a +b)V a2 — ab+ b2 > (aBc + bPc — a’be — ab’c) + w — abc?.
We have
a*+b*—ab(a+b)V a2 — ab + b2 = [a*+b*—ab(a*+b%)]— {ab(a +b)Va? — ab+ b2 — ab(a® + bQ)} .
2p2(q — b)® a2b?(a — b)?
= (a—b)?(a®+-ab+b?)— a > (a—b)2(a®+abtb?)— Lo\~ 0
(o=t rabt) (a+b)Vb> —ab+ b2 + (a2 +b?) — o=t ab et 2(a® +b?)

And because ¢ = min(a, b, c) so

2(.,2 2 2 2 2 _ 1)\2
(a®c 4 b*c — a®be — ab*c) + alC 2+ ) _ abc* = (a — b)z.c + C; + 2cb < 5ab(a2 b) .
So we need prove that
a’ +ab+b* — @ > Sab < 2(a* + ) + 3a*b* > 3a®b + 3ab®
202 +10%) = 2 = '

By AM-GM Inequality
a* + a?b® > 2a3b, bt + b%a? > 2abd.

And a* +b* — (a®b + ab®) = (a — b)%(a® + ab + b?) > 0.
Thus add them we have 2(a* + b*) + 3a?b? > 2(a* + b*) + 2a2b? > 3(a®b + ab?®).
We have done. The equality holds when a = b =c.

Problem 4 a) (Cezar Lupu). Let a,b, ¢ be positive real numbers. Prove that

4abc
(a+b)(b+c)c+a)

ab L be L ca
(a+b)?  (b+c)?  (c+a)?

<1y
4

Solution:
WLOG, we may assume that a > b > ¢ > 0. We rewrite the original inequality into the

a—b\> 23 cla—1b)?
Z(m) 2 (a+b)(b+c)(c+a)

following form

or equivalently,

1 2c 9
> {(a—l—b)z e s el RGN

1 2a g _ 1 2b
b+0? (a+b)b+olcta)™ (c+a)? (a+b)b+c)(cta)

_ 1 _ 2c
“(a+b)?2 (at+b)(b+c)cta)

Now, let S, =
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It follows from the given expression that

1 2¢ (c—a)(c—=0)

(@+0? (a+b)b+c)cta)  (at+b)?(b+c)(a+e)

(a—b)(a—c)
(b+c)2(a+c)(a+b)
Nonetheless, due to the initial assumption, it is easy to see that S,,.S. > 0.

c

Likewise, S, can be expressed as S, =

The given inequality can be rephrased as
f(a,b,c) = S,(b—c)* + Sp(c — a)* + Se(a —b)* > 0.

Using the fact that

1 1 2 1 1 \?
Sy + S, = + - a+b) :< ) .

(@+? " +a?  (athbrolcta) \ate bre
and
o 1 2(b + c) (1Y
Bt v or T ar oy (a+b><b+c><c+a>_(a+b +>

Therefore, S, + S, > 0,5.+ 5, > 0,5, <0.(a > b > ¢).
From this point, we might view the original inequality with watchful eyes

fla,b,¢) = (Sa + Sp)(b—¢)® + (Se + Sp)(a — b)* +2S4(a — b) (b —¢)
(a—b)2(b—c)? (b—c)*(a—b)? 2(a — b)%(b—c)? (@ —0b)%(b—c)?(c—a)?

C(a+b)2(a+c)?  (b+c)2(a+c)? B (a+c)2(a+b)(b+c)  (a+b)2(b+c)2(c+a)?

Clearly, f(a,b,c) is non-negative so we complete our proof here.

4b) Let a, b, c are three positive reals ,prove that ,

b+c—a c+a—2> a+b—c> 1
5a2 +4bc  5b2 +4ca  5c24+4ab ~ a+b+c

Solution,
Zb—i—c—a_ 1 = (b—c)? 5(a+0b) —4c c . c B 6c% — (a —b)?
5a2 +4bc a+b+c (5a2 4 4bc) (502 + 4ac) ) 5a? 4+ 4be 562 + dac  (a+ b+ ¢)(5c? + 4abd)
c(6(a — b)? + 5a? + 5b* + 4(a + b)c) 6¢?
- (5a? + 4bc) (5b2 + 4ac) (a4 b+ c)(5c2 + 4ab)
It suffice to prove that
6(a — b)? + 5a® 4+ 5b% + 4(a + b)c - 6c
(5a2 + 4bc) (5b% + 4ac) ~ (a+ b+ c)(5c% + 4ab)

Use the inequality

2
(50 + 4be) (562 + dac) > (5a2 + 5b% 4 dac + 4bc>

2

And (¢ —a)(c—b) >0 ,or ¢+ ab > ca+ cb

5(a2 + b%) +4(a+b)c>2

(a+b+c)(da+4b+ c)[5(a® +b%) + 4(a+ b)c+5(a — b)*] — 6 < 5
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[pe(e5t) e (252 o (5 o (5]
() vt (5]
() ) (5 (552 (45
F) () ()

2
> % (“;b> (35(a + b)* — 25(a — b)?) > 0.

We are done ,equality occurs if and only if a = b = c or a = b, ¢ = 0 and its permutation.

4¢) Let a,b,c > 0,prove that,

2 2
bc+abc c2a + abe 1 ab+abc+1 > 8
a3 + abe +abc b3 + abe 3 + abe
€ _
b

a
C

b
Solution, Let — = =z, = z. The Inequality becomes
a

=Y,
(2 + 22 +y)(y* + 2y + 2)(z° + 22 + 2) > 8(x +y)(y + 2)(z + )

After expanding ,it becomes ,
42374—22373/4—223223;2 —|—2Zx3y—|—2m3y2 —l—ZySa: > 6+4Zm2y+62y2x

“ 2ny(x—1)2+z zy(y—1)2—|—z x(xy—1)2+32x+22x2y2+2 szy > 6+4Zy2x+z xy

Use

1, Zzy(171)2+xy(y71)2 > 2zy(x+y—axy—1) = 22x2y+2 ZxY272Zx2y272 Zry

2, yrly— 17 Fa(ay—1)° 22> (y—Day—1)=2> y*z+6-2) x-2) xy
It becomes ,

4296224—21'2 5ny
b

c
, Yy=—-, 2= —, we get
a

4Za3+2a202452a2b
S(Z a® — Zazb) +Za(a— b)?

Let x =

G“\Q
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We are done ,equality occurs when a = b = ¢,we are done !

4c¢) Let a,b, ¢ > 0,prove that (z° + ¢° + 2°)2 > 3zyz(2” +y" + 27)
Solution, The Inequality equivalent
2 Z 10 — Z 28(y? 4+ 2%) + 3 ng(gf + %) — 62 yz > 2 Z(m2y8 + 28y? — 22°9°)

& Z(x —)2(328 4+ 2% + % + 22Ty + 22y" — 22%y% — 2235 — daty?) >0

Since 27y + 2y” — 2%y — 23y = 2y(2? + y?)(2? — ¥*)?2 >0
It suffice to prove that > (z — y)?(32% + 2% + y® — 4aty?) > 0
Without loss of generality ,assume z >y > z,.

Sp 20, Sy =a* 4254 3y° — 42’2t > (' - 2:%)° > 0

Thus ,
Sa(y—2)2 4+ Sy(z —2)* + S.(x —y)* > (x — y)*(S. + S,)
=@—-y)°@+2°+22° -2y +2Y) = (@ - (@ -y -2+ -2 >0

We are done!Equality occurs when z =y = z.

4d) Let’s a,b, ¢ be nonnegative real numbers, no two of which are zero. Prove that:

3(a+b) 16(ab + ac + bc)
D A i e Y

Solution,
1 ab 4+ bc + ca
a?+ab+b2 ~ (a+b)%(a+b+c)?

Solution:
first ,we assume a +b =2z, b+c=2x, c+a =2y

this ineq is equivalanteto :

Z 3z < 25 zy — > a?
3224+ (x—y)2 ~ Yz
Or

2y
Sl ) 2 0
,assume r > y > 2

LetSZ=($—y)2<1 235?/) S’z:(y—z)2<1 QW)
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it is easy to see that S, > 0,

and 3y? + (x — 2)2 — 222 > 22 + 422 — 422 > 0 from which we have Sy >0
also 322 + (x —y)? — 22y + 3y% — 2wz + (v —2)2 = 22 + 4y? —day + 22 + 422 — 422 >0
it suffice to prove that:

(x —y)? (e - 2)?
37+ -y 3P+ (@)

S (r—yy < (z-2)2
orz<y+=z

which is obviosly true by the assumed condition,so ,we have done

4e) Let a,b, ¢ are three positive reals ,prove that ,
a® +b* + ¢+ 2(ab® + b 4 ca®) > 2(aPb + bPc + a) + a®V? + b2 + Pa?
Solution, The inequality

& Zaz(a — )% + 2Zab(b —c)? > 202((1 —b)?
Use the identity
Z(a —b)*(c® 4+ ab) = Z(a —b)*(ac + be)

It becomes
Z(a —b)*(a® + ac + ab —be) > 0

Or
(a—b)2(a+b)*+2(b—a)(b—c) (b*+bet-ba—ac)+(a—c)? (b+c)? > 2|(b—a)(a—c)|(a+b)(b+c)+2(b—a)(b—c)(b*+be+ba—c

We are done !equality occurs when a = b = ¢ or a = 2b,¢ = 0 and it’s permutation .

4f) Let a,b, ¢ are three real numbers ,prove that ,
(a® 4+ 1% 4 ¢*)? > 3(a®b + b3c + c2a)

Solution,
WLOG, Assume (b — a)(b— c¢) < 0. Because RLH is 3(a®b + b3¢c + c®a) < LHS so we only

need prove the inequality in case
a’b+b’c+ cPa > ab® + b’ +ca® S c>b>a.
We can easy write
> (a—1b)*(2a° +¢* = 2bc) > 0
& (a—0)?(2a* + ¢ — 2bc) + (b — ¢)*(2b* + a* — 2ca) + (¢ — a)?(2¢* + b* — 2ab)
= (a—b)*(a*+(a—b)*+(a+b—c)*)+(a—c)?(b*+(b—c)*+(b+c—a)?)+2(b—a)(a—c)(2b*+a* —2ca)
> 22(b—a)(a—c)|\/(a2 + (@ = b)2 + (a+b—¢)2) (b2 + (b — )2 + (b + ¢ — a)2)+2(b—a)(a—c)(2b*+a®—2ca)

> 2|12(b—a)(a—c)|(|b(a+b—c)|+|a(b—c)|+|(a—b)(b+c—a)|)+2(b—a)(a——c)(2b* +a* —2ca)

= 2[2(b—a)(a—c)|(|ab4+-b*—bc)|+|ab—ac)|+|a®+b* —2ab+be—ac|)+2(b—a) (a—c) (2b*+a* —2ca)
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> 2|2(b — a)(a — ¢)|(|2b* + a® — 2ca|) + 2(b — a)(a — ¢)(2V* + a® — 2ca) > 0,

We are done ,equality occurs when a =b=cor a:b:c=sin(4)?: sin(2)? : sin(Z)2.

4g)Let a,b,c € R ,prove that,
4(a* +b* + c*) + 3(aPb + bPc + Ba) > 2—77(a +b+e)t
Solution , Easy can rewwrite
> (a—b)*(87(a+b)* + 27> + 31¢” + 106bc) = » (a — b)>S, > 0
Note that
Se+ S, =53(a+b+c)? +34(a+c)* +87(b+ ¢)® + 31a® + 27b* + 5¢?

Sy + 54 =53(a+b+c)® +34(b + ¢)* + 87(a + ¢)* + 31b% + 27¢% + 5a?

Use Cauchy-Schwarz ,we can get
(Sa 4+ S)(Sp 4 Sa) — Sa > 53a® + T5ab + (22 + 9v/2)b% > 0

We are done ,equality occurs when a = b = c.
Problem 5. (a (Vo Quoc Ba Can)) Let a, b, ¢ be positive real numbers. Prove that

o b 4 +(b+c—a)(c—|—a—b)(a+b—c)
b+c c+a a-+b 2abc

< 2.
(b(Nguyen Duy Tung)) Given a nonnegative real numbers a, b and ¢ no two of wich are
zero , prove that the following inequality holds

LN b 4 +6(ab+bc+ca)
b+c c+a a+b (a+b+c)?

7
>
-2

(c) Let a, b, ¢ are three positive reals ,prove that ,

b+c—a c+a—>b a—l—b—c> 1
5a2 +4bc = 5b%2 4+4ca 52 +4ab T a+b+c

Solution:
(a) We have
b+c—a)c+a—-b)la+b—rc ala —b)(a—c a—>b)a—c
| breaeraBath=g _grala=H=0 g @=He=q)

and

2a B (a —b)(a—c) 1 1
b+c 3_2 b+c a+b+c+a '
Thus it suffices to show that > X,(a —b)(a—c) >0

where
1 1 1

Xe = e T r 0@t GbrIato

we may assume that a > b > ¢

1 ! _ ! S (I R
“ab (b+c)a+b) (a+tc)at+c) at+bl\a b b+ec cta) ™
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—-b —-b
Thus it suffices to show that X, > X, which reduces to a4 > a4
abe (a+b)(b+c)(c+a)
(a+b)(b+c)(c+a)

! < (a+B)(b+c)(c+a).

which is true because (a + b+ ¢) <
The proof is completed.

(b) The inequality be equivalent to

b c a S 2(a® +b? + c?)

1
c—&—a+a—|—b+ b+c 2° (a+b+c)?
(a—b)? (a—b)?
& > .
Z 2(a+c)(b+c¢) _Z (a+b+c)?
Z (a+b+c)?—2(a+c)(b+c) >0
2a+b+c)2(a+c)b+c) —
Thus, we will have to prove after using Cauchy-Schwarz that

Y (a=b*a+b+c)?>2> (a—b)*(a+c)(b+c)

However, this can be also proved in a simple way, that is to notice that
2 Z(a —b)*(a+c)(b+c)= 4Zc(a +b)(a — b)?

andZa—b )(a+b+c) 42 (a+b)(a—0b)%
It is true because (a + b+ ¢) > 4(a + b)c. So we have done.

The equality hold when a = b = c.

¢) We have
ZbJrcfa 1 (b—c)? 5(a+b) —4c c c 6c% — (a —b)?
_ — (h—c _
5a% +4bc a+b+c (5a2? 4 4bc)(5b% + 4ac) ) 5a? 4+ 4be 562 + dac  (a+ b+ ¢)(5c? + 4abd)
S c(6(a — b)? + 5a? + 5b% + 4(a + b)c) 3 6c?
- (5a? + 4bc) (5b2 + 4ac) (a4 b+ c)(5c + 4ad)
It suffice to prove that
6(a — b)? + 5a% + 5b% + 4(a + b)c S 6c
(5a2 + 4bc) (5b% + 4ac) ~ (a+ b+ c)(5c? + 4ab)

Use the inequality

5a2 + 5b% + dac + 4bc> 2
2

(5a* + 4bc)(5b* + 4dac) > (

And (¢ —a)(c—1b) >0 ,or ¢* +ab > ca+cbh

(a+b+c)(da+4b+c)[5(a® + b%) + 4(a + b)c + 5(a — b)?] — 5

+<a+l’2_2c>2[10(a;b>2+4(a+b)c+34<“;b>j
_6[5<a;b> +2(a+b)c+5( 2b) r

: <5(a2 +b?) +4(a + b)c>2

3(5 (a;rbf +2(a+b)e
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6.[7(5(a;b)2+2(a+b)c) (a2b)2+§<a+b220)2(a+11220>2
+g (a+l)2—2c>2 (a;b>2_25 <a;b)2}

>3 (a ; b>2 (35(a + b)? — 25(a — b)?) > 0.

-2
We are done ,equality occurs if and only if a = b = c or a = b,c = 0 and its permutation.
Problem 6. Let a,b,c be nonnegative real numbers. Find the maximun of k to such that

inequality
a b c ab + be + ca

b+c+c+a+a+b a2 + b2+ ¢?

3
>k+-.
2 +2

Solution:
We have that equality Z

a 3_1 (a—b)?
b+c 2
That inequality be rewrite that

(a—b)? (a—b)? o [ A%+ b+ c?
— >k _ -b —— — k| >0.
Z(a+c)(b+c)_ Dgipra vl @tr9bto =
Let b = ¢ then k need satifyl that condition with all a,b > 0

a? + 0>+ a4 20

“(at+c)b+ec) 2bla+b)

2+ 202 3—-1
We have easy that o+ > V3 .

2b(a+0b) — 2
, Vi-1.
We 1l prove that k = g s best constan. WLOG, assume a > b > ¢ so
2 02 12 2 1242 2 12 12
Sa:u,k,sbzwfhsc:u,k
(a+c)(a+b) (b+a)(b+c) ((c+a)(c+Db)

We easy see that S. > S, > S, , also

(a®> + b+ c*)(a+b+2c)

Sp+ Sa = —2k.
’ (@a+b)(d+c)(c+a)
Let t = CLTM we have
2t% + ) (2t + 2 212 + 2
St S,z H L)) o 2 e
2(t 4 ¢)2 t(t +c)
1
The equality holds when a =b=cora=5b= \/32—’_ ¢ any cyclic permutation

-1
andk‘:\/g

Problem 7%Vasz'le Cirtoaje) Let aq, ag, ..., a, be nonnegative real numbers. Prove that

1 1 1
al +ay +...+a+n(n—1aas...an > aras...an(a + as + ... + ay) (a + —4+..+ > .
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Problem 8a(Nguyen Duy Tung). Let a, b, ¢ be the nonnegative real numbers. Prove that:

a4+ B+l c3+a3> a? n b? n c?
c2+ab  a?2+bc b2+ca b+c c+a a+bd

Solution:

The inequality equivalent to

Z (a+b)(b+002)(—f:ba)(a3+b3) Z2[a4+b4+c4+abc(a+b+c)+Za3(b+0)]~

c(a+b) 4., 34 4 3
PR >2[a*+b"+¢ —|—abc(a+b+c)—|—Za (b+ ).

c(a® +0%)(a+0b

(:)Z( 02+)C(Lb :

c(a+b)(a® + b3)
@Z{ 2+ ab

&Y (a+b)@®+b%)(1+

> 2abc(a+b+c) + Zag(b +¢).

+A(a+ b)} > 2(a® + b% + ) (ab + be + ca).

434 A
@W(Z((ZH_C )—i— abe Z 2+b 2(ab + be + ca).

a? +b%+c? a?+b
We have
at + bt + ¢t (Z ab+c) \ (a* +b* + ) (a+ b+ c)?
( >

a? + b2+ c2 a? + bc) a?+ b2 +c?

>a? + 0%+ A2

and finally,we only need to prove that:

b
a’ 4% 4-c? +abcz > 2(ab+bctca) < a?+b*+c*—ab—be—ca > Zab (1 _dat )> )

c2 4 ab

Or X(a—b)la—c)+Y(b—a)b—c++Z(c—a)(c—b)>0.
2 b2 2
with X = -2 Y = , L = i . It is easy to see that X > Y and X,Y, Z > 0.
a? + be b2 + ac 22+ ca
So we have done.

We can see that with the cyclic inequality then we only assume a variable be min(a, b, ¢) ,
max(a, b, ¢) or a variable between any two variable with symmetry inequality so can’t assume
a > b > cor equivalent it. So with cyclic inequality we must prove by two case a > b > c or
¢ > b > a. If we want to prove by SOS or VS then we must assessment by two case. That is
a work really hard and take time. So we need find proof for it. So the question pose is how
to resolved them? We ’ll thinks that where are the cyclic inequality holds 7 And we have
the answer is in higher wages a?b + b%c + c2a, a’b + b3c + c3a, .... They create permutation
in inequality. And are (a?b + b%c + c?a) + (ab® + bc? + ca?) 7 Of course is no. They are
(ab?® + bc? + ca?) — (a?b — b%c — c?a) = (a — b)(b — ¢)(c — a). Equivalent to it we have too
(a —b)%(b—c)*(c —a)? and ...... And our idea is ’ll establish a new form can solve cyclic
inequality simply. That is S, (b — ¢)? + Sp(c — a)? + S.(a — b)%2 > S(a — b)(b—c)(c — a).().
We 'l call it is Square And Cyclic (SAC).

Look at it we can see with cyclic inequality it can take easily to it.

And in cyclic inequality , we may assume that b is number betwen two numbers a and ¢ so
we have two case are a > b>cand ¢ > b > a.

In case a > b > ¢ then (a — b)(b— ¢)(¢ — a) < 0 and so the inequality is true when S > 0



The Interesting Around Technical Analysis TIV (Lionel Messi - Red3) 15

and LHS = S,(b—c)?+ Sy(c—a)? + S.(a —b)? > 0 then we can prove by SOS. And in case
c¢>b>athen (a—b)(b—c)(c—a) >0« (ab?+bc® + ca® > a®b+ b*c + c2a. With this case
(¢>b>a) we have (a —b)(b—c¢) >0 so

S.(b—c)* + Sp(c —a)* + Se(a—b)* = Su(b—c)* + Sp(a —b+b—c)* + Se(a — b)>.
= (Sp+Se) (a—b)*+ (Sa + Sp) (b —¢)* +2Sy(a — b)(b— c)
> 24/(Sa + Sp) (Sp + Se)(a —b)(b—¢) + 2Sy(a — b)(b — ¢).

So to enough to prove

2\/(Sa + 5p) (Sp + Se) + 25, — S(c—a) > 0.

And we havea —b=c—b—(c—a) and b—c=b— a — (¢ — a) we have two way prove.
Continue we have Sy(c —a)? = Sp(c—b+b—a)? >  4Sy(c—b)(b—a).
A

M=—GM
Sa(b—c)?+ S.(a—1b)? >2y/5,.5..(b — a)(c = b).
So we need prove that 45y, + 2v/S,.S. > S(c — a).
Also we have too Sq(b—¢)? + Sp(c — a)? + Sc(a — b)? > 33/5,59,5:(b — ¢)2(c — a)2(a — b)?
And so we need prove 27S5,5,S. > S3(a — b)(b — ¢)(c — a).

From arguments above we have that if one in 7 that case satisfy then (x) true in case
¢ > b > a. Seven standard are
. Sa+ S8, >0,8,+S:>0,24/(S, +Sp) (S + Se) +2S, — S(c—a) >0
 Sa+ Sy > 0,8, + 8. >0,2/(S, + Sp) (Sa + Se) — 2S5, — S(c—b) >0
 Se+8.>0,5.4 S, >0,2\/(S. + Sa) (Se +Sp) — 28, — S(b—a) >0
Sa>0,8.>0,2¢/5,.8. + 4S8, — S(c—a) >0
Sy >0,5,>0,8. >0,2/S,S. — S(c—b) >0
.S8,>0,8,>0,5.>0,2,/5,5, —S(b—a)>0
.80 >0,8,>0,8.>0,275,5,5. — S*(a —b)(b—c)(c—a) >0

o B =N < U R

The standard above are convenience to prove the inequality with S,, Sy, S. are bulky.
But when the inequality very strong then we ’ll use different way is putting c =a+ x + vy
and b = a + x with z,y > 0. This work ’ll loss variable a quickly. Because ¢ —a = x 4+ y and
b—a=zx.

So how performance to have form S, (b—c)?+Sy(c—a)?>+ S.(a—b)* > S(a—b)(b—c)(c—a).

1. ab? + bc? + ca? — a?b — b%c — c?a = (a — b)(b — ¢)(c — a).
1
2 2 2 _ 2 2 2 2 2 2 2 2
2. ab*+bc*+ca —3abc-§(ab + bc® + ca® — a“b— b c—c a—i—g ab —1—5 ab—6abc).

= L a= )b e)(c—a) +alb - &) + blc — a)? + cla—b)?).

2
3 a—b+b—c+c—a_—(a—b)(b—c)(c—a)
“a+b b+c cta (a+b)(b+c)cta)
a b c l1/a+b+a—-b b4+c+b—c c+a+c—a
4. + —|— = — + + .
a+b b+c c+a 2 a-+b b+c c+a

(o S it ) - (s- g ptogena),
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5. ab® +bc3 + ca® — a®b —b3c — cta = (a+ b+ c)(a—b)(b—c)(c— a).

Now we ’ll enjoy some problem to see useful of this way.

Problem 8b(Nguyen Huy Tung). Let a, b, c be positive real numbers. Prove that

2b b2 2
SE8+S+ 3@&% > ab(a + b) 4+ be(b + ¢) + cale + a).
Solution:
WLOG , we may assume b is number betwen to two numbers a and c.
If a > b > ¢ then a?b + b%c + c?a > ab® + bc® + ca®. By Schur Inequality we have

2b b2 2
a® +b% + ¢ + 3abe. 2 et ca > a® +b® + ¢ + 3abe > ab(a + b) + be(b+¢) + ca(c +a).

ab? + bc2 + ca? —
If ¢ > b > a then the inequality can rewrite

a?b + b%c + c2a

333, .3
a’ + b° 4+ ¢ — 3abc + 3abc. (abZ—l—ch—I—mQ

— 1> > ab(a+b) + be(b+ ¢) + ca(c+ a) — 6abe

_3abc(a —b)(b—c)(c—a)
ab? + be? + ca?

2 3abc(a — b)(b—c)(c — a)
- ab? + be? + ca?

(a+b+e) ((a—b)* + (b—c)* + (c — a)?) > a(b—c)*+b(c—a)?+c(a—b)>.

DN |

=

1 1 1
& §(a+bfc)(afb)2+§(b+cfa)(bfc)2+§(c+afb)(cfa)
From criteria (1)

3abe(c — a)

24/ -t
acteta ab? 4+ bc? + ca? —

It equivalent to
2bc” (Vac — a) +ab®(c—b) + bc* (c — b) + a*c® + a*b® + a’c + 2ab®/ac + 2ca®v/ac + 2a*be > 0

This inequality is true because ¢ > b > a.
The equality holds when a = b= c or (a,b,c) ~ (t,t,0).

Problem 9(Nguyen Duy Tung, Nguyen Trong Tho). Let a,b,c be positive real

numbers. Prove that

a® b3 c? a+b+ec
+ + > .
2a2 + b2 202 +c2  2c2 +a? 3

Solution:
We have that

a® — ab® 3 2 2 2 2 2

& 32a3b2c2 +22a3c4 +2Za5b2 +Za502 > 4§:ab402 —|—2Zabzc4 —|—22a3b4
& 2 Z (a‘r’b2 +a®b?e? — 2a4b20) + Z (a502 +a®b?? — 2a4bc2) > 2 (Z av* — a?’c4>

=2 ZaBbQ(a -+ Zascz(a —b)?>2(a—b)(b—c)(c—a) (Z a’b? + Zach)
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Now we need prove that a = max{a, b, c}
If c < bwehave a > c>b.
We ’1l prove that

2a°0*(a — ¢)* + 2a°c*(c — b)*> + a’cP(a — b)* > 2(a — ¢)(c — b) (a®c® + a®be + a®b?)

Let two case.

Firstly case: ¢ — b < a — ¢, we have
b (a — ¢)? + a*c*(a — b)* > 2a°b*(a — ¢)(c — b) + 4a®c*(a — ¢)(c — b)

And ab? + 2a3c% > a® (02 + be + b2) so we have done.

Second case: ¢ — b > a — ¢ we have too
2a2c3(c — b)? + a2 (a — b)? > 2a°c*(a — ¢)(c — b) + 4a>c*(a — ¢)(c — b)

And a?c3+2a3c*—a® (¢? + be + b?) > a?cPb+a®be—a® (be + b?) = a3b(c—b)+a?be(c—a) > 0
So we have done. The equality holds when a = b = c.

Problem 10(Nguyen Duy Tung). Let a,b, ¢ be nonnegative real numbers. Prove that

2 2 2
4a L 4b L 4c ab® + be* + ca® + abe 57
a+b b+c cH+a a?b+b2c+ c2a+ abe

Solution:
We have that

9 3_(a—b)(b—c)(c—a) ab2+b02+ca2+abc_1 > 6
(a+b)(b+c)(c+a) a?b + b%c+ c?a + abe -

(a=b)b—c)lc—a) 2(a—b)(b—c)(c—a) -0
a?b+b%c+cca+abe  (a+b)(b+c)(c+a)

o @B e —a) (@ + D)6+ e ta) 2 (a2 +Bettatabe)]
(a?b+ b%c+ c2a + abe) (a+ b)(b+ c)(c+ a) -

[(a —b)(b—)(c—a)
(a?b+b2c+ c?a+abe) (a+b)(b+c)(c+a) —

The inequality is true.
The equality holds when a = b = c.

Problem 11(Vasile Cirtoaje). Let a,b, c be nonnegative real numbers. Prove that
a® + 03+ +2(a®b + b?c + *a) > 3(ab® + bc? + ca?)

Solution:

WLOG , we may assume b is number betwen to two numbers a and c.
If a > b > c then 2(a?b + b%c + c2a) > 2(ab® + bc? + ca?)

And a3 + b3 + ¢ > ab? + bc? + ca? so the inequality is true.

If ¢ > b > a the inequality equivalent to

(a+b)(a—0b)*+ (b+c)(a—0b)*+ (c+a)(a—b)?>5(a—0b)(b—c)(c—a).

& 2a+b+c)b—a)*+ (2c+a+b)(c—Db)? > (b—a)(c—b)(3c—Ta)
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Putting ¢ = a + x + y,b = a + x, The inequality can rewrite that
2%(4a + 2z +y) + y*(4a + 3z + 2y) > xy(—4a + 3z + 3y)
Eliminated a variable we have
2222 4+ 5y) + v (3x + 2y) > xy(3z + 3y) < 223 + 2y > 222y

The inequality is true because using AM-GM Inequality that 223 + y3 > 222y,
Same to that problem we have problem stonger

3
a® 4+ b® 4 ¢ 4+ 2(a®b + b?c + c?a) > 3(ab® + bc® 4 ca®) + 5]4;(75 — k)%
Problem 12(Nguyen Duy Tung) Let a, b, ¢ be nonnegative real numbers. Prove that
4(a+b+c)® > 27 (ab® + bc® + ca® + abe)

Solution:
WLOG , we may assume b is number betwen to two numbers a and c.
If @ > b > ¢ then ab? + b2 + ca? + abe > ab? + be? + ca? + abe So

27
27 (ab2 +bc? + ca® + abc) < > (ab2 + bc? + ca® + ab® + bc® + ca® + abc) .
So we need prove 27 (ab? + bc? + ca® + ab? + bc? + ca? + abe) < 8(a+ b+ ¢)?
& 8 (a® +b° +¢*) > 3 (ab® + be® + ca® + ab® + be® + ca®) + 6abe.

Above inequality is true by AM-GM Inequality.
If ¢ > b > a the we rewrite the inequality

43 a® +12) a®h—15) ab® — 3abe > 0
<4 (Z a® — 3abc> - g [Z (ab(a + b)) —6abc} + % (Z a’b — ZabQ) >0

e 2atbto) Y (a-b7?] - 35 (alb— %) > %(c—b)(b—a)(c—a)

2
& (4b+4c+a)(b—c)? + (4dc+4a+b)(c—a)* + (4da+4b+c)(a—b)* > 27(c—b)(b—a)(c—a)
& (5a45b+8c¢)(c—b)?+(8a+5b+5¢) (b—a)?+2(4a+b+4c) (c—b) (b—a) > 27(c—b)(b—a)(c—a)
Putting ¢ = a + x + y,b = a + x. The inequality equivalent to
y*(18a + 8y + 13x) + 22(18a + 5y + 10z) + 2(9a + 5z + 4y)xy > 27xy(x + y)
Eliminated a variable we have
y2(8y + 13z) + 2%(5y + 10z) + 2(5x + 4y)xy > 27xy(z + y) & 52> + 49> > 622y + 3zy°.
We have

2(x3+x3+y3) > 6ty oty > 6ay?
AM—GM AM—GM
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So we have done.

Now we ’ll strengthen the this inequality

1 3 27
—.18a (a:2 + 32 +xy) > 9a.~.(z +y)* = =a(c — a)*
2 AM—cgMm 4 2

So we have inequality stronger then it , kK = min{a, b, ¢} and t = max{a,b,c} then
27
4(a+b+c)® > 27 (ab® + bc® + ca® + abe) + Zk(t —k)?

Now you can practice with proposal problem.

Problem 12(Nguyen Duy Tung). Let a,b, c be nonnegative real numbers. Prove that

ad 4+ b3+ 3 1 /3vV3+9
7>abc+f _— a—b b*C c—a)l.
3 > 3 \/§,1|( )( )( )

1 /3v3+9
g is better constan to the inequality true.

3 3—-1
Problem \;;(Nguyen Duy Tung). Let a,b, c be nonnegative real numbers such that
a? + b2 + ¢2 = 3. Prove that ab® + b2 + ca? < 2 + abe.

Problem 14 (Nguyen Duy Tung). Let a,b, ¢ be nonnegative real numbers such that
a? +b% +c® = 1. Prove that (a +b+c)(a—b)(b—c)(c—a) < i

Problem 15(Nguyen Duy Tung). Let a,b, c be nonnegative real numbers. Prove that

And

a n b . c L 3abc
b+c c+a a+b 2(ab?+bc?+ca?) —

With three variable inequality we have different nice method is SOS-Schur (SS) based
on that equality

a’?+b%+c? —ab—bc—ca = (a® +b* — 2ab) + (¢* — ca — cb+ ab) = (a — b)* + (a — ¢)(b—c).

And we know to SS: K = M(a —b)? + N(a —b)(a — ¢).
We know only need ¢ = min(a, b, ¢) or ¢ = max(a,b,c) then a —¢,b—c¢ > 0 and M,N >0
so K > 0. Same too SOS and VS with all cyclic inequality or symmetry inequality we can
too write it to form SS. Some useful equality
1. a®>+b*+c2—ab—bc—ca = (a®+b*—2ab) + (¢ —ac—ab+ab) = (a—b)*+(a—c)(b—rc).
2.+ b+ —3abc=(a+b+c)[(a—b)*+ (a—c)(b—c)].

—_ b)2 _ _
3_94_9_'_5_3:24_9_2_’_9_'_3_1_9:(a b) +(a C)(b C).
b2 cb2a2 b a c gt bg bab bac
4_a7+i+ci_(a+b_~_c):(a+ )(a —b) +(+c)(a—c)( _C).
b c a ab ac
5 a+kb+b+kc+c—|—ka_3_ k2.(a —b)? k(a—c)(b—c)[(k* —k+1).a+ (k—1)b+ kc|
“a+ke b+ka c+kb ~  (c+ka)(c+ kb) (a+ kb)(b+ ka)(c+ kb)

We 1l do some problem to the beautiful in SS.
Problem 16(Nguyen Duy Tung).Let a,b, c be nonnegative real numbers.Prove that

a?+bc bV +ca A +ab S 5 . 4a%b*c?
B2+c2 2+a?2 a2+ 72 (aZ+b2)(b2+2) (2 +a?)
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Solution:

The inequality equivalent to
2> " [(a® + be)(a® + b°)(a® + )] > (a® + 7)) (b + ¢)(c* + a®) + 8a®H*c®.
©2) a®+2) b +2abe ) a® +2abe D aP(b+c) >3 at(b? +P) + 12a°b%.

WLOG, assume that ¢ = min(a, b, c¢), we have LHS — RHS = M (a —b)? + N(a —b)(a — ¢).
with

M = 2(a* + b*) + 4ab(a® + b%) + a®b* + abc® + (a + b)c® + (2a%* — a*c® — b2c?)
+2¢(a?b + ab?® — a’c — b*c) > 0 and
N = ¢[(3ab + 2¢%)(a + b) + 4abc + 2¢* + (a®b + ab® — a*c — b*c)] > 0.

So we have done.
Problem 9(Nguyen Duy Tung). Let a,b, ¢ be nonnegative real numbers.Prove that

a2+bc bV +ca A+ab S § n 4a?b% >
B24+c2 24a® a2+ 72 (aZ+02)(0%+c2) (2 +a?)

Solution:

The inequality equivalent to
2> " [(a® +be)(a® + b°)(a® + )] > (a® +67) (b + ¢)(c? + a®) + 8a®H*c®.

&2 Z a®+2 Z b3+ 2abcz a® + Zabcz a’(b+c¢)>3 Z a*(b? + ) + 12a%b*c2.
WLOG, assume that ¢ = min(a, b, ¢), we have LHS — RHS = M (a —b)? + N(a —b)(a — ¢).
with
M = 2(a*+b*)+4ab(a®+b*)+a?b? +abc® +(a+b) P+ (2020 —a? ® —bc?) +2¢(a’b+-ab® —a’c—b*c) > 0.
N = ¢[(3ab + 2¢*)(a + b) + dabe + 2¢* + (a®b + ab* — a*c — b*c)] > 0.

So we have done.

Problem 10. Let a,b and ¢ are positive numbers. Prove that

2 2 2
g+9+523/a + b2 +c
b ¢ a ab + ac + be

Solution:
Notice that if @ > b > ¢ then

<a+i+:) _(b+c+a) _ (a —b)(a—c)(c—Db) <o

b a ' b ¢ abe -

so it enough to consider the case a > b > ¢, we ’ll prove

2 2 2 2
§+Q+E >9 a®+b°+c .
b ¢ a ab + ac + be
Rewrite this inequality to M (b — ¢)?> + N(a —b)(a —¢) >0
2 (b+c)? 9 2  (a+b)(a+c) 9

With M = — — dN=— — .
! bc+ b2c? ab + bc + ca an ac+ a2b? ab + bc + ca
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We conclude that M(b—c)? + N(a —b)(a—c) > =(a—b)(a—c)(M +2N) >0

N | =

Now suppose that b — ¢ < a — b then 2b < a + ¢. Certainly M > 0 and

_ 2
Ny Zyorbre 9 2,3 9 L (W2oVIR 9,
ac ab? ab+bc+ca ~ ac ab ab+bc+ ca ac + ab ab + be + ca

Problem 11(Nguyen Duy Tung). Let a,b, ¢ be positive real numebrs . Prove that

272 2
a(b+c)+b(c+a)+c(a+b)22+ 8a*bc .
Bt 21a2 | a2t p2 (@2 + 2) (b2 + 2)(c2 + a?)

Solution:

The inequality equivalent to
Z[a(b +¢)(a® +b*)(a® + c?)] > 2(a® + b*)(b* + *)(c* + a?) + 8ab*c?.

= Za5(b +c)+2 Zb202 + acha2(b +c) > 22&4(1)2 +¢?) + 12420 2.
WLOG, assume that ¢ = min(a, b, ¢). We have LHS—RHS = M(a—b)?>+N(a—c)(b—c) > 0.
With M = 2(a? + b2 + ¢?)(a = b —c)c > 0. And

N = (a* + 0> + *)(a — b)* + (¢® + b*)c + (a + b)c® + 2¢(a®b + b?c — a’c — b%c) > 0.

So we have done.

Problem 12(Vo Quoc Ba Can). Let a,b,c be positive real numbers . Prove that

g+9+£+§ab+bc+ca>g
b ¢ a 3a2+b2+c2 T 37
Solution:

The inequality equivalent

a b ¢ 8 [ab+bc+ ca
2i240 SEET ) >o.
<b+c+a 3>+3<a2—|—b2—|—62 )0
& M(a—b)*+ N(a—b)(a—c)>0.
1 8 1 8
withM=——-————and N=— - ——————.
! ab  3(a® + b2+ c?) o ac  3(a?+ b2+ c?)

So if assume ¢ = min(a,b,c) or ¢ = max(a,b,c) then M or N > 0 but don’t prove
M,N > 0. Asume ¢ = min(a, b, ¢) then
3ac(a® 4+ b* 4+ )N = 3(a® + b* + ¢*) — 8ac > 3(a® + 2¢%) — 8ac > 0.

So we have N > 0. Now,we have the question? What the condition then M > 0.

b _
HIb—c< aT then ¢ > a7 we ’ll prove that M > 0. Indeed we need prove

3(a® +b* + %) — 8ab > 0.
If @ > 5b then the inequality is true, reverse we have

—a)? 2 2 _
3(5b—a)® Sab — 5la® 4 123b* — 158ab >

2, 12 2 2 2
3(a” + ¢*) — 8ab > 3a” + 3b* + 6 16

0.
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And this case we have M > 0 and N > 0 so we have done.

5(a — b)
4

—b
+)Ifb—c> aT.Inthis case we easy see @ — ¢ > so (a—c)(b—c) > —(a—b)2.

5 6 5
Thus to prove originally we must prove that M + 1—6N >0or —+ — >

ab  ac T a2+ b2+
Apply AM-GM Inequality we have

16 5 8 8 5 S 12¢/5

@b ac " ab @b ac” Vadpe

And
2 2
2 2 2 _ o0 b 2 6 _ 6 3/ 312 14 312
a“+b°+c —35+2§+c ZW_W abc>3\3/5 a3b?c.
16 5 125 12/5 56
So 2+ > %2; > 37 V5 -
ambre =S (a? 4+ b2 + 2)

So we have done. The equality holds when a = b = c.

In this solution, we have a putting that in case 1 to M > 0 and in the case left we only
need prove M + kN > 0 with k is a positive real constand. So it can easy that inequality.
Thus we can see that, Firstly if we assume ¢ = min(a, b, c) or ¢ = max(a, b, c) then M or N
is nonnegative real numbers. Second with only in two numbers M, N then if can’t M and N
are nonnegative numbers. So we must let min case to both M and N are nonnegative. And
left case we ’ll prove the inequality by easy than prove M or N nonegative real numbers.

Now we ’ll prove different problem to practice this way.

Problem 13(Nguyen Duy Tung, Vo Quoc Ba Can). Let a,b,c be positive real
numbers. Prove that

a? v 2 6(a®+ b2+ ) —3(ab+ be+ ca)

2424 s :
b * c + a ~ a+b+c
Solution: WLOG, Assume b is number between two numbers a and c.
2 2 2 2

a c a c
Incasec>b>athen: —+ —+—> — + — + —.

b 2 € @y €3 %3 %3 3 3_ .3
Ineed, itequivalenttoz%—z%:a c;) + b_cc +c c_aa > 0.

(c3 —b3)(b—a)+(b3 —a®)(b—c) >0e (c—b)(b—a)(b* + ¢ + bc + a® + b* + ab) >0.
abc abc abc

It is true because ¢ > b > a. So we need prove that

aj_’_ﬁ_’_fz 6(a? + b% + %) — 3(ab + be + ca)
c a a+b+c

b

Letting a’ = ¢, b’ = ¢, ¢’ = a and the inequality be equivalent to the inequality equivalent to

original inequality. So we only need prove original inequality.

2 b2 2 6 2 b2 2 -3 b b
a—+—+c——(a+b+c)2 (a* 4+ b* 4+ ¢*) — 3(ab+ be + ca)
c a a+b+ec

b
& M(a—b)?+N(a—c)(b—c)>0.

—(a+b+c).
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a—|—b_ 5 andN=b+C— 5

With M = .
! ab a+b+ec ac a+b+ec

We 1l prove the inequality by two case:

_ ) —
—&-)Ifb—cEa bandsob2a+ Canda—cz?)(a b)

and thus (a—c)(b—c) > %(a—b)z.

We must prove that N >0 < (b+c¢)(a+ b+ ¢) — 5ac > 0. Indeed we have

2 2 2a — 5¢)2
b+c)(a+b+c)—dac > at C+c a+a+ c+c f5ac:M>0,
3 3

9 >
3 , 3
And so we have N(a —¢)(b—c¢) > ZN(a—b) so we enought to proveM+ZN20.
—-b b— 2(a — 4
+) Ifb—cg%:scz 3b—a andasz%andso (afb)zzg(afc)(bfc).

We 1l prove that M > 0 < (a+b)(a+b+¢) — 5ab > 0, Indeed

> 0.

(a+b)(a+b+c)—5ab > (a+b) (a+b+3b a) A Gl e

2
4
Thus M(a —b)? > 3M(a — c)(b— ¢). And we need prove that §M +N>0.

o4 aer_ 5 43 b+c_ 5 >0
ab at+b+ec ac at+b+c

Or (3b2 + Tbc + 4ca)(a + b+ ¢) > 35abe.
Apply AM-GM Inequality we have

b b
3% + 76 + 76 + 2ca + 2ca > 5V 14Ta2bAct.

a a a 5
And -+ -+ -+ > —— va3be.
n 3+3+3+ +C_5~27 asoc

Multiply them we have

25/147
V27

(302 + Tbe + 4ca)(a+b+c) > abc > 35abc.

And so the inequality by true.
Problem 14(Nguyen Duy Tung). Let a,b,c be three side-lengths of a triangle. Prove
that

2 2 b2 2 2
2| —+—+—]2a+btct+—+ —+—.
b c a a b c

Solution:

Clearly, this one is equivalent to

(a—bb)2 n (b—cc)2 n (c—aa)2 > (a—b)(b—c)(;b; a)(a+b+c)

&Y acla—b)* > (a—b)(a—c)(b—c)(a+b+o).
cyc
The above form shows that we only need to prove it in case a > b > ¢ and a = b+ ¢ (indeed,

we only need to prove Y (a+c)(a—b)? > 3(a—b)(a—c)(b—c) applying the mixing variables
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method again, it remains to prove that a(a — b)? + b(b + a)? + a?b > 3ab(a — b) which is
obvious). So we only need to prove the initial problem in case (a, b, c) are three lengths of a

trivial triangle when a = b + c¢. The inequality becomes

2((b+c)’c+ b+ b*(a+b)) =2bc(b+c)® + (b+¢)*b+ bPc+ (b +c).
& bt —26%c — b?c? + 4bc® + ¢* > 0.
Because of the homogeneity, we may assume ¢ = 1 and prove f(b) > 0 for
f(b) =b* — 2% +-4b 4 1.

By derivative, it ’s easy to prove this property.

This ends the proof.

Problem 15(Vo Quoc Ba Can). Let a,b,c be positive real numbers. Prove that
b ¢ 21(ab+ bc+ ca)

a
-+ -+
C a

> 10.
b 0

(a+b+¢)? —

In SS method we have all symmetry and cyclic inequality we sure changes to
M(a—0b)?>+N(a—c)(b—¢)?>0< M(a—b)?+N@a—b+b—c)(b—rc)>0.

& K =M(a—b)?+N(a—b)(b—c)+N(b—-c)*>0.(x)

As we know, if we may assume that ¢ = min(a,b,c) or ¢ = max(a,b,c) then we ’ll easy
prove that M or N is nonnegative.Without loss of generality assume M > 0 and ¢ =
max(a, b, ¢).Because M > 0 then if N > 0 then we finished the solution. And in case N < 0:
+) If b= c then K = M(a — b)? > 0. So we have finish solution.

+) If b # ¢ then we divided two hands of () with (b — ¢)? we have

() (et £ N > 0.(%)
b—c b—c -

Because M > 0 . So in case N > 0 then the inequality sure true.
And In case N < 0. We have (%) is true when M > 0 and A(**) > 0. Ineed N2 —4MN >0
It is true because that M > 0 > N so N,N —4M < 0. When we have M and A(**) are

_N _
nonnegative real numbers then if o < 0 then the inequality is true with all Z— > 0.

And because ¢ = max(a,b,c) so Z_

- > 0 if and only if ¢ > b > a. And so we only need
prove original inequality with case ¢ > a > b (Left case.)

And then are some problem to you can practices:

Problem 16(Nguyen Duy Tung) Let a, b, c be positive real numbers. Prove that

a(b+c) bla+c) cla+b) So4 3[(a —b)(b—¢)(c — a)]?
B24+bc+c?  a’+4ac+c? a?4ab+b? ~ (a? + ab+ b2)(b% + bc + ¢?)(a? + ac + ¢?)

Problem 17(Nguyen Duy Tung) Let x > y > z > 0 be positive real numbers. Prove that

$2y

2
&_,_zzx > 22 49% + 22+ [(z —y)(y — 2)(z — )] .
x

+
Yy ryz(z +y+2)

z
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Problem 18(Nguyen Duy Tung) Let a,b,c be positive real numbers and 0 < k < 1.
Prove that

a® + kbe b% + kac e + kab S okt (1 + 2k)abe(a® + b3 + ¢3)
b2 —bc+c? a?—ac+c? a?—ab+b%~ 3(a? — ab+ b?)(b% — be + ¢2)(a? — ac + ¢?)

Problem 18 (Ukraine 2006) For all positive real numbers a,b, and ¢. Prove that

3(a® + b + ¢ + abc) > 4(a*b + b?c + cFa).
Problem 19 Let a,b,c be nonnegative real numbers. Find the beter constand to that
inequality always true

>9+k.

1 ab + be + ca
“aZ b2 42 T

1 1
(a+b+c) <a+b+c
The answre is k = 4/2.
Problem 20 Let a,b,c be nonnegative real numbers. Find the beter constand to that
inequality always true
be ca ab
PrE ik 21 1ip * a? 4 b2 + kc?

3
< —.
-5
The answre is k = 3.

For this form inequality we know a method change variable. For three numbers a, b, c we
putp=a+b+c,qg=ab+bc+ caand r = abe.
Then we have

1.a?+v%+c%=p*—2q.

2. a® + 0%+ =p? — 3pg + 3r.

3. (a+b)(b+c)(c+a)=pg—r

4. a* +b* + ¢t = p* — 2¢2 + dpr — 4p?q.

5. a?b? + b2c? + c?a? = g% — 2pr.

6. a?(b+c) + b*(c+a) + c*(a + b) = pqg — 3r.

7.a3(b+c)+ b3 (c+a)+ cla+b) = pig—2q—pr

8. (a—1b)2(b—c)?(c—a)? = p*q® + 18pqr — 27r3 — 4¢® — 4p°r.

A>0

The function F(X) = AX? + BX +C : -B

A

(+) F(X)>0,VX & A= B2 -4AC <0.

(+HWDZONX20@{ﬂmzo<®{cgo>@{fuwmzo<{A:B%4mczo>

Problem 21 Let a, b, c be positive real numbers such that a 4+ b+ ¢ = 3.Prove that
a’b+bc+cPa<4

Solution: The inequality equivalent to

22a2b§8

cyc
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@(Za2b+2ab2)+(2a2b72ab2) <8

cyc cyc cyc cyc
@)Z b+c)+(a=b)(b—c)c—a) <8
sym

Then we need prove the inequality in case (a — b)(b — ¢)(a — ¢) > 0.

da’b+e)+(@a=b?b-c)2(c—a)? <8

sym

& (pg —3r) + V/(p?¢% + 18pgr — 27r? — 4¢3 — 4¢Pr) <8
& (pPg® + 18pqr — 27r? — — 4p3r) < (8 — pq + 3r)?
& 3612 + (4p° — 24pq + 48)r + 4¢° — 16pg + 64 > 0
& 9r? 4+ (p® — 6pg +12)r +¢* —4pg +16 > 0

We have p = 3 so
9r% + (39 — 18¢)r + ¢> — 12¢+ 16 > 0
—39 4 18¢

Putting f(r) = 9r2 + (39 — 18¢)r + ¢ — 12¢ + 16 for ro; = IS

39
Lettwocasel)0§q§1—8:>7”ct§0

F0)=¢>—12¢+16= (g +4)(g—2)2 >0

39
Q)TSQS3=>7”ct20

39
f(res) = 24¢° — 216¢° + 648¢ — 630 > 0,Vq € {18; 3}

So f(r) > 0Vr > 0 = we have done.
The equality holds when a =b = c.
Problem 22 Let a,b, ¢ be positive real numbers such that a 4+ b+ ¢ = 3.Prove that

a?b+b%c + cta + 2(ab® + be® + ca®) < 6V/3

Solution: The inequality equivalent to

©2) d®b+4) ab® <12V3.
cyc cyc
@32 (b+c)+ Zab2—2a2b)§12\/§
sym cyc cyc

@32@2(1)—&—0)+(a—b)(b—c)(c—a) <12V3

cyc

We only need prove inequality in case (a — b)(b — ¢)(c —a) > 0.

3 ZaQ(b—i— )+ (a—0)2(0b—c)2(c—a)? <12V3

sym

& 3(pg — 3r) + /2% + 18pqr — 27r2 — 4¢3 — 4p3r < 12V/3
< pPg® + 18pgr — 27r% — 4¢® — 4pPr < (12\[ — 3pq + 97“)2
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& f(r) = 1082 + (4p® — 72pq + 216V3)r + 4¢° + 8p°¢* — 72V/3pg + 432 >0
216q — 108 — 216v/3

Putting ro =

Let two case 108
1>0§q§216*/2§+108:»m§0
f(0) =4(g+ 12+ 6v3)(¢ + 3 — V3)? > 0.
216v/3 + 108

<q<3=71y>0
) I

, 1
f(nj)4q336q24108q481108V€32ﬁ0,Vq€2{wﬁ3+2;3}

So f(r) > rVr > 0. The solution is end.
Problem 23 Let a, b, c be positive real numbers such that a 4+ b+ ¢ = 3.Prove that

E(a+b+c)t > (a0 + b3c+ Ba) + (a®V? + b + ?a®) + abe(a + b+ c).
4
Solution: Let a =2,b=1,c=0=k > 77
4
We 1l prove k > — is better constand.

The inequality equivalent to

%(a+b+c)4 ZZa3b+Zb262+acha.

cyc sym sym

8 4 3 3 2.2 3 3
& p-(atbto) > () b+ > ab®)+2) 0P+ (> a’b— ) ab®) + 2abe(a + b+ c)

cyc cyc sym cyc cyc

& %(a+b+c)4 > d*b+o)+2) v+ (atb+e)(a—b)(b—c)(a—c)+2abe(atbtc)

sym sym

We only need prove inequality in case (a — b)(b — ¢)(c — a) > 0.

8
& E(a +b+c)t > pPq—2¢° — pr+2¢° — dpr + 2pr + p\/p2@® + 18pqr — 27r2 — 4¢3 — 4p3r

8
& p?(p*q® + 18pgr — 27r? — 4¢® — 4p°r) < [2—7p4 — p*q + 3pr)?

52 64 16

& 36p*r? 4+ (—=p° — 24p° > +4p°¢* — —p®¢ >0
T +(9p pq)r+729p+pq 5P 42
& 324p? + (1404 — 648¢)r + 36¢° — 432¢ + 576 > 0

13
Letting f(r) = 36[972 + (39 — 18¢)r + ¢® — 12¢ + 16]. Case 1: 0 < ¢ < 5 —39—18¢ >0
We have f(0) = 36(q+ 4)(q — 2)* > 0.
13
Case 2: 5 <qg<3—A=(39-18¢)2—4.9.(¢>—12¢+16) = —36¢>+324¢> —972q+945 < 0
1

Vq € {6?)’ 3} The solution is end.

Problem 2/ Let a,b, c be nonnegative real numbers. Find the beter constand k to that
inequality always true

a b ¢ ab+be + ca

- —4+k——"-—->3+k.
b+c+a+ a?+b24+c2 — +
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Solution: We have

b b 50 e
a a a sym a — —C)lc—a
2 - = — — —_ — —) = .
Zb (Zb+za)+(zb Za) abe + abc
cyc cyc cyc cyc cyc
Thus, the inequality equivalent to
> a*(b+c)

a ab+ bc+ ca sym ab+ bc+ ca (a—=b)(b—c)(a—rc)

—4+2k—————— > 62k & 2k > 6+2k .
Czy:b—i_ a?+b%+c2 — + abe + a?+b%+c2 ek abc

We only need prove inequality in case (a — b)(b — ¢)(c — a) > 0.

—3 2% 52 1 18pqr — 272 — 4P — 4P
L Pa=3r q2 26+2k+\/pq+ par — 2712 — Ag® — Ap3r

r p2 —2q r

(p*q® +18pqr —27r* —4q® — 4p>q) (p* — 29)° < [(pg—3r)(p* —2q) + 2kqr — (6+2k)r (p® — 2¢)]?

Letting f(r) = Ar? + Br+C >0 (Assume a + b+ c = p = 3).
A = 324k? + 36k%¢% + 216kq® + 2916k — 3888¢ + 432¢* + 8748 — 216k>q — 1620kq

B = 8748 — 432¢> + 4320¢° — 126361 — 72kq>® — 972kq + 540kq>

And C = 16¢° — 144¢* + 324¢3.
3(k+ 11 — VK% 4+ 10k + 49)
1:0<¢g<
Case 1: 0 < g < 30k 1 6)
_ \/27
Case 2: 3(k+11 k% + 10k + 49)
2(k + 6)

= B>0. Wehave C > 0,4 >0= f(r) >0.

< g < 3. We have

A = B* — 4AC = —144(q — 3)*(2q — 9)*(48¢° + 24kq® + 4k*¢* — 144kq® — 468¢*

—9k%¢q% + 162kq + 1296¢ — 719)

So we have ke = 3V4 — 2
Problem 25 Let a,b,c be nonnegative real numbers. Find the beter constand to that
inequality always true

a? v P a? + b2 42

— = >
+ o ket bt o) 23+ )

- (6).

Solution: We have

a? a? b2 a? b2 Db (a+b+c)la=b)(b—c)(c—a)
22 =g Qg =T b

cyc cyc cyc cyc cyc

Thus, the inequality equivalent to

a4+ b+ 2

2

a
25—2]@ b >6(k+1
< 2( b+ (a+ +c)76(+)a+b+c

cyc

S a®(b+c)

cyc

a? + b + 2 S (a+b+c)la=b)(b—c)la—rc)

+2k(a+b+e)—6(k+1) a+b+c ~ abc

abe



The Interesting Around Technical Analysis TIV (Lionel Messi - Red3) 29

We only need prove inequality in case (a — b)(b — ¢)(c —a) > 0.

2q—2¢% — 22 2q% + 18pgr — 27r? — 4q¢® — 4p?
S A2 0 o 6k 1)E qu\/qur Pyr r q° — 4p°r
T p T

< p*(p*q® + 18pgr — 27r% — 4¢® — 4pPr) < [(p*q — 2¢° — pr)p + 2kp°r — 6(k + 1)r(p® — 2¢)]?

& f(r) = Ar? + Br+C > 0 (Assume p = 3) For A = 288kq? + 144k%q> + 1296k? — 1512q +
4536k — 2376kq — 846k%q + 1444¢> + 6165

B = 8748 — 1944kq + 1080kq> — 144kq>® — T776q + 1404¢* — 144¢>

And C = 36¢* . The equality B = 0 have root g € [0, 3].

28k2 — 100k — 119
3 M :
o i
For M = —1475 — 2382k — 960k2 — 80k3 + 36v/N + 36kvV N
and N = —12k* + 324k63 — 63k2 4 2742k + 2979
Case 1: 0<¢<qgq=B>0;C>0= f(r) >0 (proved A > 0)
Case 2: o < ¢ <3

1
= 1 k .
q0 4(1—|—]€) + 10 +3)

A = B?2—4AC = —11644(q—3)*(16¢>+16k>¢>+32kq> —252kq> —189¢> — 36 k> ¢> +324kq+810g—729)

50 = kpmaz ~ 1,5855400068.

Thus, we can see this method is strong but it is unsimple, Need many computing, easy
false. Same to it from form putting we know to PQR mathod. Letting p = a+ b+ c,q =
ab + be + ca,r = abc We have equality too .ab(a + b) + be(b + ¢) + ca(c + a) = pg — 3r

{a+b)(b+c)(cta)=pg—r

ab(a? 4 %) 4 belb? + ) + ca(c? + a?) = pPq — 2¢% — pr

{a+b)(a+c)+(b+c)b+a)+ (c+a)lc+b)=p*>+q

a?+ 0+ =p? -2

a® + b2+ =p® —3pg+3r

at + b 4t =pt —4p?q 4 2¢% + dpr

a?b? + b2c? + c2a® = ¢* — 2pr

a3 + b33 + Ba® = ¢ — 3pgr + 32

atbt + bt + ctat = ¢* — dpgPr + 2p2r? + 4qr?

Letting L = p%q® + 18pqr — 27r? — 4¢® — 4p3r. Then a?b + b%c + c*a = pg=3r —; /[~VL
For (a —b)(b—¢)(c—a) = VL
We can see inequalities

P* > 3q

p3>27r

.q* > 3pr

-pq = 9r
2p° + 9r > Tpq
P*q+3pr > 4q¢°
p* +4¢? + 6pr > 5pq
The above result is certainly not enough, you can develop more equality, inequality between
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three variables p, ¢, 7. And it’s important that I want to speak is two that inequality
p(4g —p°) .
—— (@)
dg — 2 2
s Wa—p)(r" — ) (ii)
6p

However, in some cases it may be the quantity 4g — p? can get negative values and positive

r>

values, so we often use

p(4q — p?)
4

r > max [O, ] or r > max {0,

(4q — p*)(p* — Q)]
6p '

Problem 25(Vo Thanh Van) Let a,b, ¢ be nonnegative real numbers. Prove that
(a+0b)3 n (b+¢)3 n (c+a)? .-
8ab(4a + 4b + ¢) 8bc(4b + 4c + a) 8ca(4c +4a+b) —

. (a +b)? (b+c)® (c+a)’
: Let P =
Solution: Let \/ Sab(da + 4b+ )\ Bbe(db+ de +a) |\ Bca(de + da 1 b)

Q = 8ab(4a + 4b + ¢) + 8bc(4b + 4¢c + a) + 8ca(de + 4a + b) = Z 32ab(a + b) + 24abc

= 32(a+ b+ ¢)(ab + be + ca) — T2abc

Apply Holder Inequality P?.QQ > 8(a + b+ ¢)3.

So we need prove that
8(a+b+c)®>Q < 8(a+b+c)>32(a+b+c)(ab+ b+ ca) — T2abe

& (a+b+c)® >4(a+b+c)(ab+ be + ca) — abe

It is Schur Inequality. The solution is end.
Problem 25(APMO 2004) Let a,b, ¢ be nonnegative real numbers. Prove that

(a® +2)(b* + 2)(c* +2) > 9(ab + bc + ca)
Solution: The equivalent to
a’b?c? + 2(a®V? + b2 + ?a®) + 4(a® + b2 + ¢*) + 8 > 9(ab + be + ca).

We have a? + b% + ¢ > ab+ bc + ca

(a®b? 4+ 1) + (b*c® + 1) + (2a® + 1) > 2(ab + bc + ca)

9ab
a2 +1+1> 3Va202e2 > > 4(ab+ b+ ca) — (a + b+ c)?
a+b+c
b
a0 + 141> 3V > % > 4(ab+ be + ca) — (a + b+ ¢)?
a c

Apply above inequality we have

(a®b?c*+2)+2(a’b? + b2 +2a® +3) +4(a® +b* +%) > QZab+4Zab+3Za2 > 9Zab
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The solution holds when a = b = c.

Problem 26(Vo Thanh Van) Let a,b, ¢ be nonnegative real numbers. Prove that

@, b LN 18
B+t ad+c3 ad4+b 7 5(a?+b%+c?)—ab—ac—be

Solution: The equivalent to

Za(a+b+c)> 18(a+b+c)
B+ T 5a?4+b2+c?)—ab—bc—ca

a? a 18(a+b+c¢)
=
Zb3+c3 +b2+c2—bc_ 5(a? 4+ b2+ ¢?) —ab—bc — ca

Apply Cauchy-Schwarz Inequality we have

Z)Z a? S (a® + b2 + ¢2)?
B+c3 7 S a?(b® 4+ 3)

» a (a+b+c)?
>
[”)Zlﬂ—&—cz—bc > a(b®+c? —be)

Apply above inequality

(a% + b2 + c?)? (a+b+c)? - 18(a+b+c)
a2 +c3) > a®®+c2—be) T 5(a2+ b2+ ) —ab—bec—ca

4qg — 1)(1 —
Assume a + b+ c=1 and ab+ bc + ca = q,abc = r = r > max <O, (qé(q))
We need prove that
(1—2q)2 1 18
+ >
@ —(q+2)r qg—6r  5—11¢
Easy prove it by two case 1 > 4¢q and 4¢q > 1.
The equality holds when a = b= c or (a,b,c) ~ (t,t,0).
Problem 27( Moldova TST 2005) Let a,b,c be nonnegative real numbers such that
a* + b* + ¢* = 3. Prove that

1 n 1 n 1 <1
4—ab 4—bc 4—ca

Solution: The equivalent to
49 — 8(ab + be + ca) + (a + b+ ¢)abe < 64 — 16(ab + be + ca) 4 4(a + b + ¢)abe — a*b*c?

& 16 + 3(a + b+ c)abe > a®b*c? + 8(ab + be + ca)

Apply Schur Inequality, we have
(a® 4+ b% 4+ & + 3abe)(a + b+ ¢) > (abla + b) + be(b+ ¢) + ca(c + a))(a+ b+ ¢)

& 3+ 3abc(a+ b+ c) > (ab + be)* 4 (be + ca)? + (ca + ab)?

Apply AM-GM Inequality we have
(ab +be)? + (be + ca)? + (ca + ab)? + 12 > 8(ab + be + ca)

= 154 3abc(a + b+ ¢) > 8(ab + be + ca)
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But we have too 1 > a?b?¢?.So we have done.
Problem 28(Vastile Cirtoaje) Let a, b, c be nonnegative real numbers such that ab+ bec+
ca = 3. Prove that

a4+ b3 + ¢ + Tabe > 10

Solution: Apply Schur inequality we have
a® +b% 4+ ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

& a® + 0% + ¢ + 6abe > (ab+be+ca)(a+b+c) =pg = 3p

4q — p? 12 — p?
Ans > 2 qu):p( gp)

p(12 —p?)

(p—3)[(16 —p*) +3(4 —p) +2] _

We need prove that 3p + >10 & > 0.

The solution is end. The equality holds when a =b=c=1.

Problem 29(Nguyen Phi Hung) Let a,b, c be nonnegative real numbers such that a? +
b? + ¢ = 8. Prove that
d(a+b+c—4) <abe

Solution: From the condition we have p?> — 2¢ = 8
Apply Schur Inequality we have
(4 —p*)(* —q) _ (p* —16)(p* +8)

> pr—
r= 6p 12p

So we need prove that

(p* —16)(p° +8)
12p -

(p—4)*(@P*+p—28) -0

Ap—4) =
(p—4) 12 >

So we have done. The equality holds < a = b = 2,¢ = 0 and any cyclic permutation.
Problem 30 Let a,b,c > 0 and a + b+ ¢ = 1.Prove that

Va2 +abe Vb2 + abe \/02+abc< 1
ab+c bc+a ca+b T 2vabc

¢*(1—q)

Solution: Changes a,b, c to p,q,r we have r < m

Apply Cauchy-Schwarz Inequality we have

S aranta| < [Zarwera) (Siee) - winursere (S
‘We have

a+c 1 b 1 (@a+0b+c)?
— — <
b+c Zb—Fc Zb—kcfzb—&—c

- Za2+2ab

So we need prove that

S a?+ > ab 1 1 < 1
(a+b)(b+c)(c+a) [b+c_ Za2+2ab} = dabc

_ 2 _ 2
@1 q(l—l—q 1)<1¢>4(1 q)74§q ro 401 Q),ggg
g—r\g—r 1l—gq

= ar q-—r r q—r r
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Using above inequality we have

401 - ¢°) ¢ ., q(1-39)(5-Tq)
LIS = P?(1-q) ¢(1-q) =9 (1-q)(4—Tq+¢? ~

1790239 2(2-3¢)

Problem 31 Let a,b,c > 0 .Prove that

<bic>2+ <Cia)2+ <aib>2+ i

Solution: We have

8 8 .
(a+b)(b+c)(c+a)> §(ab +bc+ca)(a+b+c) > 5\/5 a?b?c?(a+b+c)
2 2b 2
Letting x = 5 —;—Ic’ Y= o a’Z = —ifb’ we have xy+yz+ zx+xyz = 4. Then the inequality
equivalent

22 4 9% + 2% + bryz > 8

Take inequality to p, ¢, r,From the condition g + r = 4 and the inequality becomes
p?—2+5r>8<p?—T7¢+12>0

If 4 > p using Schur Inequality

p(4q —p?) p(4q — p?) P 436 5 T(p°+36)
>———"=4> —_ < ———=+12>0
T2y =1+ STpro P T Tyg T2
& (p—3)(p*—16) <0
2
It is true because 4 > p > /3¢ > 3If p > 4 and p? > 16 > 4q, p?>—2q+5r > p*—2q > % > 8.

So the inequality is true. the equality holds when x =y =2 =1orax =y = 2,z = 0 and
any cyclic permutation.

Problem 31 Let a, b, c be nonnegative real numbers, no two of which are zero. Show that

1 1 1 9
(abt-be + ca) ((a+b)2 Toror t (c+a)2> T

Solution: We can rewrite inequality
4ptq — 17p%¢* + 4¢> + 34pgr — 92 > 0
& pq(p® — 4pgr +9r) + q(p* — 5p°q + 44> + 6pr) + r(pg — 9r) > 0
From Schur Inequality we have
p® > dpgr + 9r , p* + 4q¢% + 6pr > 5p%q , pq > 9Ir

So we have done.
The order to this section we ’ll proposal.
Problem 32 Let a,b,c be nonnegative real numbers. Find the beter constand k£ to that

inequality always true

2,12, 2
a®+b*+c . 3abc Skl
ab 4+ bc + ca ab? + bc? + ca?
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Problem 33 Let a,b,c be nonnegative real numbers. Find the beter constand k to that

inequality always true

3(a® + b* + %) a’b+ b3+ cta A
(a+b+c)? “a?b? + b2 + c2a? ~ '

Problem 34 Let a,b,c be nonnegative real numbers. Find the beter constand k£ to that

inequality always true

a? +b%+c? a?b + b*c + c*a
. >k+1.
(a+b+c)? ab? 4+ be? + ca?
kmaz = 2.7775622......

Problem 35 Let a,b,c be nonnegative real numbers. Find the beter constand k to that

inequality always true

3 2 b2 2 4b b4 4
(a* +b* + ¢%) _a’b+bietcla Skl
(a+b+c)? a3b? + b3c? + c3a?
kmaz =~ 0,89985223....
Problem 36 Let a,b,c be nonnegative real numbers. Find the beter constand k£ to that
inequality always true
PERNN X 3

F+—+C—Jrlc(alwrchrca) > k(k+1)(a® +b* + ).
Cc a

kmaz =~ 2.581412182....
Problem 37 Let a,b,c be nonnegative real numbers. Find the beter constand k to that

inequality always true

b 2 4 p2 2\ 2
T R T ek i iy Iy
ab + bc + ca

kmaz ~ 0.3820494092....
Problem 38 Let a,b,c be nonnegative real numbers. Find the beter constand k to that
inequality always true

L (L
b ¢ a = b+c c+a a+b 2)°

Problem 39 Let a,b,c be nonnegative real numbers. Find the condition necessary and
sufficient of k£ and ¢ to that inequality always true
a b

++Z+k>(k+3)(

3(a2 4+ b2 4+ )\’
b ¢

(a+b+c)?

Problem 40 Let a,b,c be nonnegative real numbers. Find the beter constand k£ to that

inequality always true

2 b2 2 2 b2 2
%+?+%+k(a+b+c)z(3k+3)\/%.

Thanh Van.



